
Pythagoras’ Theorem- a stepping stone into Special Relativity… 

Everyone knows Pythagoras’ Theorem: that for any right-angled triangle, the square of the hypotenuse is 
equal to the sum of the squares of the other two sides. However, not so many people know that it is more 
than simply an equation – from being used to build the pyramids over 4,000 years ago to now being used in 
pioneering space travel, its uses are broad, far-reaching and fascinating. One particularly exciting 
application that will be focussed on in this essay, is the fact that, by simply using Pythagoras’ Theorem and 
Einstein’s assumption that the speed of light is a constant, the factor by which time is dilated in Einstein’s 
Theory of Special Relativity can be derived. 

 

 

 

Pythagoras lived in the sixth century BC and although the theorem is credited to Pythagoras, it is actually 
far older. One of the earliest known applications was by the Ancient Egyptians. When building, they would 
mark ropes with knots 3, 4 and 5 units apart.  
 
 
 
 
  
 
 
 
 
 
By stretching these knots around posts, the triangle formed would have a right angle opposite the 
hypotenuse since 32 + 42 = 52. Therefore, blocks could be stacked in a way stable enough for the pyramids to 
be built. Interestingly, a right-angled triangle with sides in the ratio 3:4:5 is known as an Egyptian triangle 
and the word hypotenuse comes from the Greek for “stretched against”. The 3 4 5 triangle was used as it is 
the simplest of all Pythagorean triples, which are special cases where all the side lengths are whole 
numbers. 
 
Pythagoras’ Theorem can be proved in many ways. One of the simplest is shown below: 
 
 
 
 
 
 
 
 
 
 

  Square 1            Square 2           Square 2 
 
Here, the areas of Squares 1 and 2 are the same and the right-angled triangles are all identical. For each of 
the right-angled triangles, let the length of the hypotenuse be c and the other two sides be a and b. The 
right-angled triangles in 1 can be rearranged as in 2, therefore, the white areas inside both squares are 



equal. The area of the white square in 2 is the square of the hypotenuse of the right-angled triangles: c2. 

The areas of the two white squares in 1 are the squares of the other two sides of the right-angled triangles:  
a2 and b2. Since the white areas inside both squares are equal, a2 + b2 = c2. 
 
There are over 370 different proofs including the proofs shown below from Leonardo Da Vinci (left) and 
former US president, James Garfield (right): 
 

  
 
This theorem is the foundation of many mathematical ideas with, as mentioned, a particularly fascinating 
application being its role in the derivation of the time-dilation equation in Einstein’s Theory of Special 
Relativity. By using Pythagoras’ Theorem alongside Einstein’s assumption that the speed of light is the same 
for everyone, Einstein discovered that time cannot be absolute. Indeed, the rate at which time passes is 
different for observers in different frames of reference.  
 
Time-dilation in the Theory of Special Relativity is the slowing of time as perceived by one observer 
compared with another, depending on their relative motion. This can be scientifically shown using light 
clocks: two parallel mirrors, a distance apart, between which a light beam bounces back and forwards. One 
tick of the clock is equivalent to the time taken for the light beam to return to the lower mirror.  
 
First imagine there is a light clock with two mirrors 1m apart, where one tick is the time, t’, that the light 
takes to travel from the bottom mirror to the top mirror, and back again. Therefore, the total distance is 
2m.  
 

The speed of light is a constant, c, and since 𝑠𝑝𝑒𝑒𝑑 =
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑡𝑖𝑚𝑒
, then t’ = 

2

𝒄
 

 
Next, imagine that the light clock is on a moving train. The diagram below shows how one tick of the clock 

on the train looks to a stationary observer on the platform. One tick will no longer be 
2

𝒄
 as the light will 

travel further than 2m as determined from the platform because the train is moving. Let the time for one 
tick of the clock be 2t.  Now, this is where Pythagoras’ Theorem comes in. If time taken for one tick is 2t, 
then t will be the time taken for the light to travel from the bottom mirror to the top mirror. As can be seen 
from the diagram, to find an expression for t, Pythagoras’ Theorem must be used. The path of the light can 
be represented by the hypotenuse of a right-angled triangle, where the lengths of the sides of the triangle 
are as follows: the vertical component of the triangle is 1m; the horizontal component of the triangle will 
be the displacement of the train according to the observer on the platform, which will be vt where v is the 
velocity of the train, and the hypotenuse will be ct as the speed of light is the same for everyone.   
 
 
 
 



So, using Pythagoras’ Theorem, (ct)2 = (12) + (vt)2  

Rearranging this equation for t, gives t = 
1

√(𝒄𝟐−𝒗𝟐)
 

The time taken for one tick is 2t therefore, from the perspective of the person on the platform, when the 

clock is on a moving train, the time of one tick is  
2

√(𝒄𝟐−𝒗𝟐)
 .  However, the time for 1 tick according to a 

person sitting on the train next to the clock is 
2

𝒄
 . 

 
The ratio of these two time periods for one tick shows by how much the clock on the train is running slow 
as measured by the observer on the platform i.e. the factor by which time dilates. The ratio of the ticks is: 
 
2

𝒄
: 2

√(𝒄𝟐−𝒗𝟐)
  which simplifies to 1: 

1

√(1−
𝒗𝟐

𝒄𝟐)
 and so time has dilated by a factor 

1

√(1−
𝒗𝟐

𝒄𝟐)
 

This is a very important equation in relativity theory, and it is usually represented by the Greek letter .        

 > 1 when the clock is moving at less than the speed of light, because 
𝑣

𝑐
 < 1.  When v is very small relative 

to the speed of light,  is very close to 1 and so effect of time-dilation is negligible.  However, at velocities 
approaching the speed of light the effect becomes significant.   
 
Now consider the passenger on the train, sitting beside the clock. From the perspective of the person on 
the platform, the clock on the moving train is ticking more slowly than their clock. Therefore, time is 
running more slowly for the person on the train relative to the person on the platform and so the person on 
the platform is aging faster than the passenger on the train. As we have seen from the time dilation 
equation, the effect is tiny for the speeds at which trains travel. However, now imagine a person travelling 
away from Earth in a spaceship at a speed close to the speed of light, the effect gets magnified and from 
the perspective of a person on Earth, the person in space would age slower.  
 
The slowing of time applies not just to clocks but also to everything the person in the spaceship does. From 
the perspective of the person on Earth it is as if the person on the spaceship is living their life in slow 
motion. From the perspective of the person on the spaceship, nothing has changed, but when they return 
to Earth, they will be younger than the person on the Earth.    
 
However, here there is a paradox – the so-called Twin Paradox. Imagine two twins, A and B, living on Earth. 
Twin A stays on Earth while twin B takes a round trip in a spaceship travelling at nearly the speed of light to 
a distant star. When twin B returns to Earth, thanks to time dilation, they will be younger than twin A, who 
stayed on Earth. The paradox is that, from the perspective of twin B, they would see themselves as 
stationary and see twin A on Earth moving away from them. Therefore, they should appear to age more 
slowly. However, that is not the case because when special relativity talks about relative motion, it refers to 
motion at a constant speed in a straight line but, that is not what is happening here. The twins were 
together to start with, so twin B in the spaceship had to accelerate off and then turn around to return to 
Earth before decelerating to land on Earth. When the maths is worked out to account for the acceleration 
and deceleration, twin B in the spaceship does age more slowly than twin A who remained on Earth. 
 
 
 
 
 
   Twin A     Twin B 

 
 
 
Moving away from thought-experiments, a real-world example of time dilation and proof of Einstein’s 
Theory of Relativity is in the case of muons.  



Muons are ephemeral elementary particles that can travel close to the speed of light and are created by 
the collision of cosmic rays with Earth’s upper atmosphere, about 10km above the Earth’s surface. Due to 

their instability, muons decay after an average lifetime of 2.2 s. Even at the speed of light, given their short 
lifetime, muons would not be able to travel much further than 600m before decaying and so should not be 
able to last long enough to reach the surface of the Earth; however, many of them do. This is because 
muons can travel very close to the speed of light. At this speed time-dilation can extend their lifetime by a 
factor great enough that they are able to reach the Earth’s surface.   
 

Now let’s look at it from the muon’s perspective - they only live on average for 2.2 s, so how do they travel 
the 10km or so to get to the Earth’s surface? From the muon’s perspective it is the Earth and its 
atmosphere that moves towards the muon and as with the stretching of time, Einstein showed that space is 
malleable too. Einstein’s Theory of Relativity states that objects contract when they move. In the case of 
the muon travelling close to the speed of light, the distance it must travel to reach the Earth’s surface 

contracts by enough to enable the muon to reach the Earth’s surface in 2.2 s.  
 
In 1977, time-dilation experiments were carried out at CERN to try and prove Einstein’s Theory by 
measuring the lifetime of muons sent around a loop in the CERN Muon Storage Ring. This revealed that the 
value for the extended lifetime of a moving muon was in accordance with Special Relativity.  
 
The discovery of time-dilation has been immensely significant in developing our understanding of our 
universe and the physics that dictates it. The time-dilation equation is essential in space travel due to the 
high speeds of spacecraft and the precision required in their journey’s. Also, in the case of GPS satellites 
used for navigation on Earth, timing errors of just a few nanoseconds can lead to positioning errors of 
hundreds of meters. Therefore, these GPS systems must be programmed to account for time-dilation. 
Hence, the time-dilation equation has critical uses in everyday life, and the time-dilation equation itself 
would not exist if not for Pythagoras’ Theorem. 
 
Pythagoras’ Theorem is an extremely important mathematical proof and it is incredible that by simply using 
this Theorem and the fact that the speed of light is a constant, an equation can be derived to predict the 
amount by which time is different for observers moving relative to each other. The fact that we are able to 
calculate how time dilates, and distances contract by using the time-dilation equation may help us to travel 
further into space than ever before. If we could develop the technology to travel close to the speed of light, 
combined with the knowledge of physics and mathematics that we now have, the boundaries of our world 
will be opened to new horizons. 
 
References: 
Why does E=mc2 (and why should we care) – Brian Cox and Jeff Forshaw 
https://www.youtube.com/watch?v=rVzDP8SMhPo 
https://www.youtube.com/watch?v=MKPg11fCHAg 
 
Images from: 
https://www.bbc.co.uk/bitesize/topics/z93rkqt/articles/zgf8ng8 
https://www.tumblr.com/pythagoreantheorem-pyramids/86815605921/during-pythagoras-trip-to-egypt-
he-noticed-that 
https://pythagoreantheorem-pyramids.tumblr.com 
https://commons.wikimedia.org/wiki/File:Pythagoras_theorem_leonardo_da_vinci.png 
https://www.maa.org/press/periodicals/convergence/mathematical-treasure-james-a-garfields-proof-of-
the-pythagorean-theorem 
https://www.emc2-explained.info/Time-Dilation-Worked-Examples/#.ZCXvOS8w0dU 
 
 

https://www.youtube.com/watch?v=rVzDP8SMhPo
https://www.youtube.com/watch?v=MKPg11fCHAg
https://www.bbc.co.uk/bitesize/topics/z93rkqt/articles/zgf8ng8
https://www.tumblr.com/pythagoreantheorem-pyramids/86815605921/during-pythagoras-trip-to-egypt-he-noticed-that
https://www.tumblr.com/pythagoreantheorem-pyramids/86815605921/during-pythagoras-trip-to-egypt-he-noticed-that
https://pythagoreantheorem-pyramids.tumblr.com/
https://commons.wikimedia.org/wiki/File:Pythagoras_theorem_leonardo_da_vinci.png
https://www.maa.org/press/periodicals/convergence/mathematical-treasure-james-a-garfields-proof-of-the-pythagorean-theorem
https://www.maa.org/press/periodicals/convergence/mathematical-treasure-james-a-garfields-proof-of-the-pythagorean-theorem
https://www.emc2-explained.info/Time-Dilation-Worked-Examples/#.ZCXvOS8w0dU

