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A Journey Through Musical Dimensions: Reimagining
Atonal Composition Under a Hilbert-Tensor
Framework

A Research conjecture by Christopher B. Ravlin

1. Breaking Free: The Birth of Atonality

Picture yourself in the early 20th century when the arts were undergoing radical
transformation. While painters shattered traditional perspectives and writers broke
conventional structures, Arnold Schoenberg stood at his piano in 1908, about to change
music forever. His "Three Piano Pieces, Op. 11" wasn't just another composition—it was a
declaration of independence from tonality itself.

Breaking free from centuries of musical tradition isn't as simple as playing random notes
(though critics might have thought so). Schoenberg and his contemporaries were creating
a new mathematical language for music, even if they didn't realize it. They were the first
explorers in a vast musical space that I'm only now beginning to understand.

2. The Space Between Notes

Your music teacher probably told you there are only twelve notes in Western music. They
weren't entirely wrong, but between those twelve notes lies an infinite space of
possibilities. Think of it like this: if traditional music is walking on a straight line, what I'm
exploring is free-floating in a musical universe with infinite dimensions. Instead of being
confined to discrete notes on a piano, | can now consider everything about a piece of
music—pitch, rhythm, dynamics, temporal evolution, etc.—as part of a continuous,
flowing space.

3. From King Crimson to Quantum Mechanics

Take King Crimson's "Larks' Tongues in Aspic"—it's not just a prog rock masterpiece, but
through its selective use of atonal passages, it provides a practical demonstration of
complex musical geometry. Or consider Tool's use of Fibonacci sequences in
"Lateralus"—they're literally playing with mathematical structures in real-time. The same
framework that helps us understand quantum mechanics can help me understand and
create new forms of music. When you're listening to The Mars Volta's mind-bending
compositions, you're experiencing something mathematically similar to quantum
superposition—multiple musical states existing simultaneously.

3.1 Vector Representation of Musical Elements

Each musical note can be represented as a vector in a Hilbert space H, over the field C or
R. The key components of this vector representation include:
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where:

e p, represents the pitch class (mapped cyclically in a 12-dimensional space),
e 1; denotes rhythmic duration,

e d; accounts for dynamic level,

e a; encodes articulation,

e t; defines temporal positioning,

e m,; categorizes motifs or larger formal structures.

This vector space formulation allows smooth transformations, operator-driven
manipulations, and Fourier spectral analysis of a given composition.

3.2 Hilbert Space and Inner Product Structure

Atonal compositions can be formulated as functions f (i) that map discrete note indices to
elementsin H:

f:{1,2,..,n} > H, f@)=v;.

The inner product in this space, which measures similarity between two musical
structures, is given by:

(V, W) = 03wy + vwy + -+ + vpwy,.

Weighted modifications can emphasize specific musical features, such as harmonic
interval similarity or rhythmic structure.

3.3 The Four-Dimensional Musical Mind: Complex Hilbert-Tensor Spaces for Atonal
Music

Here's where things get mind-bending—but stick with me. Instead of thinking about music
as just a sequence of notes, imagine it as existing in four intertwined dimensions, what
mathematicians call a rank-4 tensor. When listening to complex progressive rock, your
brain isn't just processing notes—it's simultaneously tracking rhythm, feeling dynamics,
and noting articulation. My framework captures all these elements as a single
mathematical entity where every aspect influences every other aspect.
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This isn't just theoretical—it's a powerful analytical tool. Like an MRI showing multiple
cross-sections simultaneously, my Hilbert-tensor framework lets me examine music from
all dimensions at once, spotting patterns and interactions that would be impossible to see
otherwise.

A complex Hilbert space H extends standard Hilbert spaces by allowing vector
components to be complex nhumbers:

He={f:C*"->CIll f I< oo}

where each musical component (pitch, rhythm, dynamics, articulation) is now complex-
valued:

v, = (p; +ip;, 1y +ir{,d; + id}, a; + iaj, t; + it;)
where:

e p,;isthe pitch class,

e 71;isrhythm,

e d;isdynamics,

e q,; is articulation,

e t;istemporal positioning.

The imaginary components p;, 17, ... allow representation of phase shifts, microtonal
variations, or spectral properties. This enables:

e Wave-based representations of musical components.
e Phase-space analysis of how atonal structures evolve.
e Fourier and wavelet transforms in complex domains.

3.4 Breaking Free from Set Theory's Limits

For decades, musicians and theorists have relied on set theory to analyze atonal music—
like having a map that only shows streets but not elevation. Set theory treats music as
discrete points, like viewing a painting as just a series of dots. While it helps us understand
how composers like Schoenberg organized their twelve-tone rows, it's like trying to
describe a butterfly's flight path using only straight lines.

It's important to note that progressive rock compositions aren't strictly atonal
throughout—rather, they skillfully integrate atonal elements within broader structures that
may include tonal centers. This selective application of atonality makes these works
particularly interesting test cases for our framework, which can reveal the mathematical
mechanisms behind transitions between tonal and atonal approaches.
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My framework sees the whole picture. Instead of isolated points, | see how pitch classes
flow into each other, how they interact with rhythm and dynamics, how they breathe and
evolve. When The Mars Volta slides between microtonal variations or King Crimson morphs
rhythmic structures, traditional set theory struggles—like measuring a curve with a ruler.
My framework maps these transformations naturally, revealing why certain progressions
satisfy while others fall flat.

3.5 Riemann Surfaces and Pitch-Class Transformations

A Riemann surface § is a multi-sheeted complex plane that allows seamless transitions
between discrete pitch classes and continuous transformations. Given a pitch-class
function f(p), we define:

7 = f(p) — ei27tp/12

which maps a 12-tone system onto the unit circle in the complex plane. Using fractional
operators, we interpolate between discrete pitch classes:

fp,a) = ei?n /12

where a controls the degree of transformation.

This framework revolutionizes music analysis. Using tensor contractions (think of it as
zooming in on specific aspects while tracking their relationships), we can analyze complex
atonal works with unprecedented precision. Want to understand why certain Tool
progressions feel mathematically inevitable? Our framework maps the geometric
pathways in their rhythmic structures. Curious about how The Mars Volta maintains
coherence while breaking every rule? We can trace the hidden symmetries in their
compositional chaos.

The breakthrough is our ability to detect patterns existing simultaneously across multiple
dimensions - like having a musical microscope that's also a telescope, seeing the finest
details while never losing sight of the big picture.

3.6 Complex Curvature and Atonal Flow

By embedding atonal sequences into complex differential geometry, we use curvature
analysis to track motif transformations:

where g;; is a metric tensor defining the "distance" between musical elements.

e Flatregions (K = 0) correspond to stable, repeating motifs.

e High curvature (K > 0) indicates rapid transformations, such as modulation
between tone rows.
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This allows a geometrically informed understanding of how atonal compositions flow,
deform, and evolve.

4. Transformations in Hilbert Space

4.1 Linear and Fractional Operators in Music
Hilbert space operators enable systematic musical transformations, including:

Linear Transformations
e Transposition: Modeled as a shift operator acting on the pitch class:

2n(p; +t)
CoS 12
TiransVi = C2n(p;+t) |-
SsmMm———

12
T

¢ Inversion: Implemented as a reflection in the Hilbert space.
e Retrograde: Reversal of time-indexed vectors.

Fractional Operators

Fractional operators extend standard transformations to non-integer orders, allowing
smooth interpolations between musical states. Given an operator 4, its fractional form is
defined as:

AT =) 2 (e ey,
;

where A; are eigenvalues and e; are orthonormal basis vectors. Fractional transpositions,
interpolations, and metric modulations provide a continuous space for transforming
atonal compositions.

Phi (Golden Ratio) Example

The application of fractional operators can be enhanced using irrational numbers like
the Golden Ratio (¢), which is approximately 1.618. For a smooth transformation using
the Golden Ratio, a fractional operator T%/L can be applied to a musical vector sequence
Mg, of length [ within a composition of total duration L:

L
TO/L = 2,1]‘?’/ (re)e;.
7

This approach allows the interpolation of motifs, creating fluid transitions between
musical sections, particularly useful in generating interludes or transitional segments.
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By applying this operator selectively, composers can create seamless bridges between
atonal sections, achieving a natural flow that mirrors organic growth patterns found in
nature, often associated with the Fibonacci sequence.

4.2 Infinitesimal Calculus and Complex Surfaces in Music
Continuous Transformations with Infinitesimal Calculus
Infinitesimal calculus allows for the fine-grained transformation of musical parameters.

By defining a musical function f(t) over time, fractional differentiation can be applied to
achieve continuous transformations:

d*f(t)
dt®

where « is a fractional exponent controlling the degree of transformation. This method
provides smooth transitions between different musical states, enabling the creation of
novel interpolations between motifs, dynamics, and rhythmic structures. By altering
fractional orders, the technique offers a spectrum of transformations from traditional
musical shifts to subtle, almost imperceptible changes, contributing to the evolution of
musical textures.

Complex Surfaces and Music Visualization

Mapping musical structures onto complex surfaces offers a unique visualization
approach where musical transformations correlate with changes in surface curvature.
By interpreting musical parameters as coordinates on a complex plane, transformations
can be visualized as geometric manipulations of these surfaces.

For example, a transformation that shifts pitch classes along a Riemann surface can be
represented as a twist or fold in the surface's geometry. This method not only helps
visualize atonal harmonic landscapes but also offers insights into the topological
continuity of musical ideas, allowing composers to explore non-Euclidean
transformations and multi-dimensional mappings within their compositions.

This mathematical approach can be particularly powerful in progressive rock and atonal
music, where non-linear development and evolving motifs play a critical role.

4.3 Hilbert-Tensor Operations on Complex Surfaces

By combining Hilbert spaces, tensors, and complex geometry, we develop new types of
atonal transformations.

4.3.1 Complex Fractional Operators

Applying a fractional transformation T% in the complex Hilbert space:
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TUYp) = ) A5 (b enen

where:

e ¢, are complex-valued basis functions (e.g., Fourier harmonics),
e A% are fractional eigenvalues.

This allows continuous morphing of atonal sequences while preserving spectral structure.
4.3.2 Tensor Representation of Multi-Dimensional Atonality

Instead of treating atonal music as a single-layered system, we represent it as a rank-4
tensor:

Miji =0 @1 Qdy ® a;
where:

e p; (pitch), 1j (rhythm), d;, (dynamics), and a, (articulation) span a multi-dimensional
atonal space.

Using a Hilbert-tensor inner product, we measure similarity of different motifs:
(M, N) = Z G M VUK
i,jkl
where gij is a metric that weights musical proximity. This allows us to:

e Define spectral distances between atonal motifs.
e Perform tensor contractions to extract dominant features.
e Apply Hilbert-driven fractional deformations.

5. Fourier Analysis and Spectral Transformations

Applying Fourier transforms to the atonal measure image allows the decomposition of
musical data into frequency components:

FIFY) = Y f e .
i=1
This enables:

e Patternrecognition in atonal structures.
¢ Filtering techniques to emphasize or suppress specific frequencies.
e Generating variations by modifying spectral components.
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6. The Future of Musical Analysis and Creation

By combining Hilbert spaces with tensor analysis, I'm developing a whole new way of
understanding musical structure and evolution. My framework can detect hidden
periodicities in selectively atonal structures, understand how microtonal shifts affect
overall musical geometry, and predict how compositional choices—including movements
between tonal and atonal approaches—ripple through all dimensions of the music.

For composers, this means shaping music with unprecedented precision. For analysts, it
means finally understanding why certain atonal compositions resonate while others don't.
| can now bridge gaps between different musical traditions, revealing the hidden structures
connecting Schoenberg's twelve-tone rows, The Mars Volta's controlled chaos, and
ancient microtonal systems.

6.1 Overview of the Al Model
The Al system will operate in the following stages:

1. Vectorization: Convert input atonal compositions into Hilbert-tensor
representations.

2. Spectral Analysis: Use Fourier and wavelet transforms to analyze atonal
structures.

3. Hilbert-Tensor Transformations:
o Fractional Operators for smooth morphing of motifs.
o Tensor Contractions for feature extraction.
o Geometric Deformations on Complex Surfaces for visualization.
4. Al-Driven Generation:
o Train a Neural Tensor Network to generate and evolve atonal sequences.
o Use a Riemannian curvature model to explore non-Euclidean tonality.

5. Output & Rendering: Convert transformed tensor representations into musical
notation or audio.

6.2. Mathematical Formulation
Step 1: Vectorization of Atonal Music in Hilbert-Tensor Space

Each musical note i in the composition is represented as a complex-valued tensor:
Mijia = (i + ip) @ (17 + iTj’) ® (dy + idy) ® (a; +ia;)
where:

e p; =pitch class (mod 12)
e 17; =rhythmic duration
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e d; =dynamics (intensity)
e @, = articulation (staccato, legato, etc.)
¢ Imaginary components represent phase shifts and spectral transformations.

The tensor is embedded into a Hilbert space H, allowing continuous interpolation using
fractional operators:

.. nt
Y(t) = z e TN M

n

This allows us to analyze motifs spectrally while keeping their geometric relationships
intact.

Step 2: Fourier and Wavelet Transform Analysis

To analyze the structure of atonal motifs, apply a Fourier transform to decompose the
tensor into spectral components:

F{Mijia} = ZMijkl e~ i2mn/N
n

For time-dependent motifs, apply wavelet transforms:

WM} = | Mijigbap(@)dt
where Y, j, is a wavelet basis function, allowing localized spectral analysis.
Step 3: Fractional Hilbert-Tensor Transformations

Using the fractional power of Hilbert space operators, interpolate between different
musical states:

T Mg = ) A5 (M, enbe
n

where:

e T%jisafractional transformation operator,
e A% are fractional eigenvalues controlling the degree of transformation.

This allows smooth, non-integer modifications of motifs.
Step 3.1: Geometric Deformation of Atonal Structures

To explore complex surface visualization, map atonal sequences to a Riemannian
manifold:

ds? = g;;dp'dp’
where g;; is the metric tensor controlling "distance" between musical elements.
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Compute curvature to identify structural variations:

azgij
det <api op7

(detgij)z

e Flatregions (K = 0) » Stable motifs.
e High curvature (K > 0) > Rapid transformations.

Use Gaussian curvature analysis to guide motif development.
4.1 AI Model Architecture

The Neural Tensor Network (NTN) extends traditional neural networks by allowing tensor
operations at each layer:

f(W, M) = tanh(WHmw2l + p)
where:

e W w2l gre learned transformation matrices.
e M isthe input atonal tensor.
e f(-) applies nonlinear activation.

Training dataset:

e Input: Pitch-class sets, rhythmic motifs, articulation profiles from atonal
composers (Schoenberg, Webern, King Crimson, Tool, Mars Volta).

e Output: Generated variations based on fractional Hilbert-Tensor transformations.

Step 5: Output Generation & Real-Time Manipulation
Once trained, the model can:

1. Generate new atonal compositions based on an initial input motif.
2. Modify motifs in real time, applying fractional transformations.
3. Visualize atonal structures on Riemann surfaces.

For real-time interaction:

e Implement Hilbert-space sliders allowing users to morph motifs continuously.

e Provide a geometric interface where users navigate atonal landscapes by
manipulating curvature.

Final Implementation Strategy

1. Preprocessing:
o Convert existing atonal compositions into Hilbert-Tensor embeddings.
o Compute spectral and geometric analysis.

Page 10 of 13



03/02/2025

2. Training:
o Train Neural Tensor Network on known atonal works.
o Optimize for smooth transformations and musical coherence.
3. Generation & Interaction:
o Generate new atonal sequences using learned transformations.
o Allow real-time exploration via geometric surfaces.

2. Mathematical Formulation

This section integrates foundational mathematical principles with advanced
transformations for atonal music generation.

Complex Hilbert-Tensor Spaces for Atonal Music

A complex Hilbert space H extends standard Hilbert spaces by allowing vector
compohnents to be complex numbers:

He={f:C*">C |l f lI< oo}

where each musical component (pitch, rhythm, dynamics, articulation) is now complex-
valued:

v, = (p; + ip;,r; +ir], d; + id},a; + ia;, t; + it])

The imaginary components p;, 1/, ... allow representation of phase shifts, microtonal
variations, or spectral properties.

Infinitesimal Calculus and the Phi Transform

To further enhance the fractional operator framework, we introduce infinitesimal calculus,
and the Phi transform, which contribute to a deeper understanding of motif transitions and
spectral continuity.

Infinitesimal calculus allows for the precise manipulation of musical transformations
through differential operators. By leveraging these techniques, we can model continuous
changes in pitch-class structures and dynamics with a finer resolution, leading to a
smoother transition between motifs.

Additionally, the Phi transform provides a novel method for interpolating between discrete
pitch classes. Defined as:

CD(p) — ei2n¢p/12

where ¢ is the golden ratio (= 1.618), this transformation ensures that interpolations
preserve an organic structural flow, maintaining coherence within atonal compositions.

These mathematical extensions strengthen the ability of our Al-driven system to generate
more fluid and dynamic atonal structures.
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Step 2: Fourier and Wavelet Transform Analysis

To analyze the structure of atonal motifs, apply a Fourier transform to decompose the
tensor into spectral components:

F{Mijia} = ZMijkl e~ i2mn/N
n

For time-dependent motifs, apply wavelet transforms:

WM} = | Mijiqbaep(@)dt
where Y, ; is a wavelet basis function, allowing localized spectral analysis.
Step 3: Fractional Hilbert-Tensor Transformations

Using the fractional power of Hilbert space operators, interpolate between different
musical states:

T Mg = ) A5 (M, enbe
n

where:

e T%jsafractional transformation operator,
e A% are fractional eigenvalues controlling the degree of transformation.

This allows smooth, non-integer modifications of motifs.

7. Progressive Rock and Atonality

7.1 Practical Applications: Progressive Rock & Al Music Generation

Using complex Hilbert-Tensor models, vectorizing these bands complex time signatures,
microtonalinflections, the Hilbert-Tensor space framework can:

we create an Al-driven Atonal Generator with:

e Phase-space transformations for microtonal evolution.
e Complex curvature-based transitions for structural variation.
e Hilbert-space spectral embeddings to generate novel motifs.

For progressive rock analysis:

e King Crimson (e.g., atonal passages in "Larks' Tongues in Aspic" -- complex
polymetric structures with sections of non-tonal harmonies).
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e Tool(e.g., "Lateralus" -- Fibonacci-sequenced rhythms with momentary atonal
explorations amid otherwise tonally anchored structures).

e The Mars Volta (e.g., "Cicatriz ESP" -- specific sections featuring microtonal shifts
and polyrhythms that temporarily abandon tonal centers).

e Universe Zero (Avant-prog, chamber music-infused atonality).

e Gentle Giant (e.g., "Knots" —intricate counterpoint and dissonant vocal
harmonies).

8. Conclusion: A New Mathematical Universe, A New Future

The implications of this framework extend far beyond music. The mathematical structures
I've identified have surprising connections to cryptography and number theory. Just as
certain musical transformations create coherent patterns across multiple dimensions,
similar mathematical operations might reveal hidden structures in prime number
distributions or solutions to complex equations.

I'm standing at the threshold of something bigger than music. By uniting Hilbert spaces and
tensor algebra, I've uncovered a framework that might reshape our understanding of
mathematics itself. The structures I've found in atonal music may reflect deeper patterns
running through all of mathematics—from prime numbers to quantum mechanics.

Whether you're a musician, mathematician, or physicist, this framework offers a new way
of seeing previously invisible patterns and relationships. The future isn't just about new
music or mathematics; it's about discovering the hidden connections binding them
together. And just maybe, I'll look back at this moment as the beginning of a unified
understanding that reshapes both art and science.
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