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Chapter 1

Introduction

“Machine intelligence is the last invention that humanity will ever
need to make.”

Nick Bostrom

1.1 The Importance of Machine Learning
Machine learning is revolutionising the way we interact with modern tech-
nology. It influences many sectors, such as finance, autonomous systems,
healthcare and natural language processing. Machine learning involves de-
veloping algorithms that can learn from and make predictions based on data.
The mathematical foundations of machine learning are crucial in providing
the tools required to create these complex systems, ensuring they are both
efficient and effective.

In an era where data is generated at a rapid pace, machine learning provides
the means to process and analyse vast amounts of data and information.
These algorithms use mathematical models to efficiently sift through large
datasets to identify patterns and trends that would be practically impossible
to detect with manual methods. [1]

1.1.1 The Uses of Machine Learning
Machine learning improves automation and efficiency across various indus-
tries. It significantly impacts the automation of repetitive tasks, optimises
processes, and even makes decisions. For instance, machine learning algo-
rithms detect fraudulent transactions in real-time, reducing financial crimes.
In healthcare, machine learning models forecast disease outbreaks, person-
alise treatment plans, and help with diagnosis, improving patients’ treat-
ments.

1.1.2 The Importance of Mathematics
Every aspect of machine learning heavily relies on mathematics, from creat-
ing models to optimising algorithms. Linear algebra helps in understanding
data structures, calculus provides the means for optimising models, and
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probability theory supports the capacity to handle uncertainty and generate
predictions in models. By utilising these mathematical principles, machine
learning algorithms can uncover patterns in data, make informed decisions
and enhance their performance over time through iterative learning pro-
cesses. [2]

By understanding the role mathematics plays in machine learning, we can
better understand the strengths and limitations of neural networks and other
machine learning models to create more effective and innovative solutions
in such a rapidly evolving field. This project aims to explore the fundamen-
tal concepts behind neural networks in order to gain a deeper appreciation
of their mathematical foundations and to understand how these intriguing
systems work.

1.2 The History of Neural Networks
Neural networks have a fascinating history spanning several decades. Their
origins can be traced back to the early 20th century with the work of Warren
McCulloch, a neuroscientist, and Walter Pitts, a logician, in 1943. They
discovered that neurons in the human brain perform logical operations and
have binary outputs that depend on specific thresholds. Based on this fact,
they presented the idea of a mathematical model of an artificial neuron,
demonstrating that these simple units could be combined to perform logical
operations, laying the groundwork for this promising field. [3]

1.2.1 The Perceptron
Following this, further progress was made with the development of the per-
ceptron by Frank Rosenblatt. The perceptron was a simple linear classifier
that could learn from data through adjustment of its weights. [4]

However, the field faced a significant setback in 1969 when Marvin Minsky
and Seymour Papert published “Perceptrons”. The book highlighted the
flaws of single-layer perceptrons, particularly their inability to solve non-
linearly separable problems, such as the XOR problem. [5] Scientists began
to lose interest in the field due to a lack of progress and more promising
methods available at the time, a period known as "AI Winter."

1.2.2 Multilayer Perceptrons
Neural networks became more popular in the 1980s with the development of
multi-layer perceptrons and the backpropagation algorithm, discovered by
several researchers. Backpropagation provided an efficient way of training
multi-layer networks, overcoming the limitations identified by Minsky and
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Papert. [6] This breakthrough drastically improved neural network perfor-
mance and reignited interest in the field.

Throughout the 1990s and early 2000s, neural networks continued to evolve.
They benefited from the increased computational power at the time and the
availability of large datasets. Researchers explored various architectures, such
as convolutional neural networks for image classification and recurrent neural
networks for analysing sequential data. [7] These innovations demonstrated
the potential of neural networks in many diverse applications.

1.2.3 Staggering Growth
The 2010s were the years of the greatest achievements and development of
neural networks due to the advances in deep learning. Deep learning is a
sub-field of machine learning involving training large neural networks with
many layers or "deep" architectures. The development of powerful GPUs and
algorithms, such as dropout and batch normalisation, enabled the training
of these complex models. [8] Landmark achievements include the success of
AlexNet in the ImageNet competition [9], producing remarkable results, and
the development of AlphaGo by DeepMind [10], a computer program that
plays the board game Go.

Neural networks are now at the forefront of AI research and applications.
They continue to push the boundaries of current capabilities with advance-
ments in model architectures, optimisation techniques and the understanding
of their theoretical principles. [11] The history of neural networks is evidence
of the immense promise this field holds for our future.

1.3 Applications of Neural Networks
Computer vision is one of the most widely used areas of application of neural
networks. Convolutional Neural Networks are widely used in image recog-
nition and classification tasks. They are used in facial recognition systems,
object detection, and medical image analysis, where they can help diagnose
diseases by analysing medical scans and images. [12]

Neural networks also play a crucial role in autonomous systems and robotics.
Self-driving cars use neural networks to interpret sensory data from cameras
(LiDAR) to navigate different environments safely. These networks help iden-
tify obstacles, predict the movement of other vehicles and pedestrians, and
make decisions to ensure safe and efficient driving. [13]

In finance, neural networks are used for predictive analytics, fraud detection,
and algorithmic trading. By analysing large datasets of financial transactions,
neural networks can identify fraudulent activities and predict market trends.
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This helps with risk management, investment decisions and optimising trad-
ing strategies. [14]

Neural networks have made great contributions to cybersecurity. By analysing
network traffic and user behaviour, they can identify potential security breaches
and take measures to prevent attacks. Their ability to adapt and learn from
new data makes them effective in combating evolving cybersecurity threats.
[15] The above applications are just a few among many practical uses of neural
networks in the real world.
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Chapter 2

The Basics of Neural Networks

“A baby learns to crawl, walk and then run. We are in the crawling
stage when it comes to applying machine learning.”

Dave Waters

2.1 What is an Artificial Neural Network?
An artificial neural network (ANN) is a software implementation of the neural
structures of our brain. These computational models consist of layers of
interconnected nodes called neurons, which work together to process input
data, recognise patterns, and make decisions. Like the brain’s neurons, these
artificial neurons receive inputs, apply a transformation, and pass the result
to the next neuron. This interconnected structure allows ANNs to learn and
adapt from data and improve their performance over time. [8]

2.1.1 Biological Inspiration
The inspiration for ANNs comes from the biological neural networks found
in the human brain. In the brain, neurons are connected by synapses that
transmit electrical signals. This allows for complex thought processes, learn-
ing, and memory. Similarly, in ANNs, artificial neurons are connected by
weighted connections that transmit signals from one neuron to the next. [8]
These weights are adjusted during the training process, like how the strengths
of synaptic links change in the brain through learning experiences. This ad-
justment process is important for the network to learn from data and make
accurate predictions.

2.1.2 Architecture
The architecture of an ANN includes an input layer, multiple hidden layers,
and an output layer. The input layer receives data, which is then transformed
and processed through the hidden layers. Each neuron in a hidden layer
applies an activation function to its input, allowing the network to identify
patterns. The output layer then produces the final predictions based on the
processed data. [16]
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(a) A neuron in the brain
[17]

(b) An artificial neu-
ron [18]

Figure 2.1: The relationship between human and mathematical
neurons

2.1.3 Training
Training an ANN involves a method called backpropagation, which adjusts
the weights of the connections based on the error of the network’s predictions.
This process begins with forward propagation, where input data is passed
through the network to generate an output. The error between this output
and the required result is calculated using a loss function. Backpropagation
involves computing the gradient of this error with respect to each weight
and updating the weights in order to minimise the error. [2] This iterative
process allows the network to learn from its mistakes and gradually improve
its accuracy.

2.2 Supervised learning
Supervised learning is a machine learning paradigm consisting of labelled
data where each input is paired with an output label. The goal of supervised
learning is to learn a mapping of inputs and outputs that an be applied to
predict the outputs of new, unseen data. We can state the problem as follows:

The supervised learning problem [19] Given an unknown function 𝑓 :
𝑋 → 𝑌 between spaces 𝑋 and 𝑌, find a good approximation of 𝑓 using only
a dataset of 𝑁 samples:

D =
{ (
𝑥𝑖 , 𝑦𝑖

) }𝑁
𝑖=1 with 𝑦𝑖 = 𝑓 (𝑥𝑖) for all 𝑖 = 1 . . . 𝑁 .

The space 𝑋 is called the feature space and its elements, feature vectors.
The space 𝑌 is called the label space and its elements, labels. [16]

Example 3.1 Let 𝑋 be the space of all images of apples and oranges and 𝑓

the classifier that maps 𝑋 to 𝑌 =
{
"orange", "apple"

}
. We can express this

numerically as 𝑋 = [0, 1]3×𝐻×𝑊 (i.e. an image of height 𝐻 and width𝑊 with
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3 colour options) and 𝑌 = [0, 1]2 (one probability for each of the two classes).

The way to approach this problem involves three main steps:

1. Choose a model 𝐹 : 𝑋 ×𝑊 → 𝑌 with a parameter space 𝑊 (𝑊 for
weights).

2. To quantify the error of the model’s output, we need to choose a loss
function ℓ : 𝑌 × 𝑌 → R, where ℓ (𝑦1, 𝑦2) indicates “how different” 𝑦1
and 𝑦2 are.

3. Based on the dataset and the loss function, choose𝑤 ∈𝑊 so that 𝐹( · ;𝑤)
is the best possible approximation of the target function 𝑓 . [16]

However, this approach leaves us with some questions: How do we choose a
suitable model and a loss function, and how can this be optimised?

These questions do not have straightforward answers and can be handled by
trial and error at first. The choices made will have a significant impact on the
final output, and the set of assumptions made to continue with the problem
is called the inductive bias. [8] Here, we will focus on using neural networks
as our model of choice and will answer the other questions later on.

2.2.1 The Universal Approximation Theorem
Theorem 3.2.1 (The Universal Approximation Theorem) [20] Let 𝜎 : R →
R be a non-constant, bounded, and monotonically increasing activation function.
Then, for any continuous function 𝑓 : R𝑛 → R, and any 𝜖 > 0, there exists a neural
network 𝑁 with activation function 𝜎 such that:

sup
𝑥∈𝐾

| 𝑓 (𝑥) −𝑁(𝑥)| < 𝜖

for all 𝑥 in a compact subset 𝐾 of R𝑛 .

This theorem shows that a neural network with a single hidden layer and a
finite number of neurons can approximate any continuous function on com-
pact subsets of R𝑛 , given the activation function is non-constant, bounded,
and monotonically increasing. The theorem specifically applies to feedfor-
ward neural networks with a single hidden layer. The number of neurons in
this hidden layer must be sufficient to achieve the approximation within the
desired precision 𝜖.

The Universal Approximation Theorem is crucial because it establishes that
neural networks with just one hidden layer can theoretically approximate
any continuous function. This demonstrates the power of neural networks as
universal approximators that can learn and represent any mapping between
inputs and outputs. [11]
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2.2.2 A Feed Forward Neural Network
Let us also define a feed forward neural network:

Example 3.2.1 Let 𝐿, 𝑁0, . . . ,𝑁𝐿 ∈ R, and 𝜎𝑖 : R → R for any 𝑖 = 1, 2, . . . , 𝐿,
let 𝐴𝑖 : R𝑁𝑖−1 → R𝑁𝑖 be affine functions. A function 𝐹 : R𝑁0 → R𝑁𝐿 defined as

𝐹(𝑥) = 𝐹𝐿 ◦ · · · ◦ 𝐹1(𝑥)
where

𝐹𝑖 = 𝜎𝑖 ◦𝐴𝑖 for 𝑖 = 1, 2, . . . , 𝐿

is called a neural network. [8]

𝐿 is the total number of layers; 𝑁1, . . . ,𝑁𝐿−1 are the dimensions of the hid-
den layers and 𝑁0,𝑁𝐿 denote the input and output layers respectively. The
composition function demonstrates the passing forward of information from
subsequent layers. We will discuss these various components in detail later to
develop our understanding. Feed forward refers to the direction of data flow-
forward through the layers of the network. [11]

2.3 Artificial Neurons
Neurons are the fundamental building blocks of neural networks. Each neu-
ron receives one or more inputs from the previous layer of neurons, processes
them and produces an output. Given inputs 𝑥1, 𝑥2, . . . , 𝑥𝑛 to a neuron, each
input 𝑥𝑖 is weighted by a corresponding weight 𝑤𝑖 and then a bias term 𝑏 is
added at the end. This can be represented as a single variable 𝑦. [11] An
artificial neuron can be mathematically represented as:

𝑦 = 𝜑

(
𝑛∑
𝑖=1

𝑤𝑖𝑥𝑖 + 𝑏
)

where:

• 𝑥𝑖 represents the input signals,

• 𝑤𝑖 denotes the corresponding weights,

• 𝑏 is the bias term

• 𝜑 is the activation function.

The combination of weights, bias and activation function allows each neuron
to perform a transformation on its inputs, which is fundamental to the learn-
ing process. [8]

There are different ways in which the neurons can process inputs::
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1. They can perform a scalar product
One way to handle the inputs is to use the scalar product of the inputs
and the weights. This can be described by:

ℎ(𝑠) = ⟨𝑤, 𝑠⟩

2. They can calculate a distance
Another way is that neurons can calculate the distance between an input
signal 𝑠 and 𝑤. Therefore, for some norm ∥ · ∥: [21]

ℎ(𝑠) = ∥𝑤 − 𝑠∥

These are the fundamental types of neurons, and they can be used in combi-
nation with one another across the various layers of a network.

2.4 Layers
In neural networks, layers are structured groups of neurons that process
data at various levels. A neural network is made up of 𝐿 layers, denoted
as 𝑙 = 1, 2, 3, . . . , 𝐿, where layer 1 is the input layer that receives data, and
layer 𝐿 is the output layer that produces the final output, e.g. a prediction.
The remaining layers, 2 ≤ 𝑙 ≤ 𝐿 − 1, are called hidden layers because their
outputs are the inner workings of the network, which help it to learn and
reach the correct result. [22]

Figure 2.2: A neural network with an input layer, two hidden
layers and a single output neuron [23]

The input layer is the first layer that receives the data. Each neuron in this layer
represents an item of the input data. If the input vector is x = [𝑥1, 𝑥2, . . . , 𝑥𝑛],
the input layer consists of 𝑛 neurons where each neuron directly corresponds
to an element 𝑥𝑖 of the input vector.



10 Chapter 2. The Basics of Neural Networks

Hidden layers are located between the input layer and the output layer, where
most of the network’s computations occur. Each hidden layer applies trans-
formations to the input data combinations of linear or non-linear operations.
For a hidden layer with 𝑚 neurons, the output of the 𝑗-th neuron can be
expressed as:

ℎ 𝑗 = 𝜑

(
𝑛∑
𝑖=1

𝑤𝑖 𝑗𝑥𝑖 + 𝑏 𝑗

)
, where 𝑤𝑖 𝑗 are the weights connecting the 𝑖-th input to the 𝑗-th neuron in the
hidden layer, 𝑏 𝑗 is the bias term for the 𝑗-th neuron, and 𝜑 is the activation
function. [24]

If there are multiple hidden layers, the output from one layer becomes the
input to the next. For example, if a network has two hidden layers, the output
of the first hidden layer is h1 = [ℎ1

1, ℎ1
2, . . . , ℎ1

𝑚]. The input to the second
hidden layer is this output, and its neurons produce:

ℎ2
𝑘
= 𝜑

©­«
𝑚∑
𝑗=1

𝑤2
𝑗𝑘
ℎ1
𝑗 + 𝑏2

𝑘

ª®¬
, where 𝑤2

𝑗𝑘
are the weights connecting neurons from the first hidden layer

to the second, 𝑏2
𝑘

are the biases, and ℎ2
𝑘

are the outputs of the second hidden
layer. [8]

The output layer produces the final prediction of the neural network. It can
produce various types of outputs depending on the task it has been given.
For classification tasks, the output layer often produces probabilities for each
class, represented by different output neurons. [16] For regression tasks, it
generates continuous values e.g. for a network used to predict house prices,
the output would be the price of the house. For more complex tasks such
as image generation or language translation, the output layer may contain
vectors or sequences.

2.5 Weights and Biases
Weights and biases are parameters in neural networks that are adjusted dur-
ing the training process to minimise the error between predicted and actual
outputs.

Weights (𝑤) represent the strength of the connection between neurons in dif-
ferent layers. For a given neuron, the input is a weighted sum of the outputs
from the previous layer. These can be represented in a matrix.

Biases (𝑏) are additional parameters that allow the model to shift the activa-
tion function to the left or right. This can help the network better fit the data
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received. These can be represented as a vector:

z = Wx+ b

2.6 The Activation Function
Activation functions are crucial components in neural networks that intro-
duce non-linearity into the model. They allow it to learn and represent
complex patterns. They work by transforming the input signal of a neuron,
allowing the network to capture patterns within the data. Without activation
functions, neural networks would only be able to model linear relationships,
greatly reducing their ability to solve real-world problems. [8] There are a
wide variety of activation functions, some less commonly used than others.

One example of an activation function is the Heaviside function [25], given
by:

H(𝑥) := 1𝑥≥0(𝑥) :=

{
1, 𝑖 𝑓 𝑥 ≥ 0,
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

A neuron that uses the Heaviside function as its activation function is known
as a perceptron.

The Heaviside function is an example of a scalar or pointwise activation
function. Let 𝜎 : R → R then we allow

𝜎
©­«

𝑥1
...
𝑥𝑛

ª®¬ ≡

𝜎(𝑥1)

...
𝜎(𝑥𝑛)

 .

Here are some commonly used activation functions [26], as shown in the
figure below.

• Rectified Linear Unit (ReLU) is one of the most used in modern neural
networks:

𝜎(𝜆) = (𝜆) := max{0,𝜆}

• Sigmoid also called the logistic sigmoid function:

𝜎(𝜆) :=
1

1 + 𝑒−𝜆 .

The sigmoid function was used as an activation function in early neural
networks. This is the reason why activation functions are often labelled
with a 𝜎 in general.
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• Hyperbolic tangent- this is very similar to the sigmoid function:

tanh(𝜆) :=
𝑒𝜆 − 𝑒−𝜆
𝑒𝜆 + 𝑒−𝜆 .

• Swish- a more recent choice of activation function that is essentially a
smooth variant of the ReLU. It is given by the input multiplied by the
sigmoid function:

swishfi(𝜆) := 𝜆 𝜎(𝛽𝜆) :=
𝜆

1 + 𝑒−𝛽𝜆
,

where 𝛽 > 0. The 𝛽 parameter is usually set as 1; however, it could be
treated as a trainable parameter if required.

𝑥

𝑦

−1 1

−1

1
𝑅𝑒𝐿𝑈(𝑥)

𝑥

𝑦

−1 1

−1

1
𝜎(𝑥)

𝑥

𝑦

−1 1

−1

1
tanh(𝑥)

𝑥

𝑦

−1 1

−1

1

swish1(𝑥)

Figure 2.3: [19] From left to right: the rectified linear unit, the
sigmoid, the hyperbolic tangent and the swish function with

𝛽 = 1.

All the previous examples of activation functions are deterministic, but stochas-
tic activation functions are also used. Dropout is a stochastic function that is
sometimes used during the training process but is removed once the training
is finished. It works by randomly setting individual values of a signal to zero
with probability 𝑝:(

dropout𝑝(𝑥)
)
𝑖

:=

{
0 with probability 𝑝,
𝑥𝑖 with probability 1 − 𝑝.

All the activation functions above are fixed functions (swish and dropout
have a parameter, but it is usually fixed to a chosen value) This means that
the trainable parameters of a neural network are usually just the weights and
biases. [8]

2.7 The Cost Function
The cost function, also known as the loss function, is a crucial component in
training neural networks. It quantifies the distance between the network’s
predicted output and the actual target output. Reducing this distance allows
the network to improve its accuracy and performance.
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2.7.1 Mean Squared Error
[27] For a dataset with 𝑁 training examples, where x(𝑖) represents the in-
put vector and 𝑦(𝑖) represents the corresponding target output for the 𝑖-th
example, the cost function calculates the individual losses over all the ex-
amples. The most commonly used cost function is the Mean Squared Error
(MSE), which calculates the average squared difference between the actual
and predicted values. Monitoring and minimising the MSE during the train-
ing process helps determine the optimal conditions for the network. It is
given as follows:

𝑀𝑆𝐸 =
1
𝑁

𝑁∑
𝑖=1

(
𝑦̂(𝑖) − 𝑦(𝑖)

)2

where 𝑦̂(𝑖) is the predicted output for the 𝑖-th neuron, calculated as:

𝑦̂(𝑖) = Wx(𝑖) + b

The MSE of an Estimator

[28] The MSE of an estimator 𝜃̂ with respect to a parameter 𝜃 is defined as:

MSE(𝜃̂) = E𝜃

[(
𝜃̂ − 𝜃

)2
]

.

It can also be written as the sum of the variance of the estimator and the bias
squared. This is another useful way to calculate the MSE and shows that if
the estimator is unbiased, the MSE is equal to the variance.

MSE(𝜃̂) = Var(𝜃̂) + Bias(𝜃̂)2

Proof of variance and bias relationship To prove this, we can use the for-
mula that states for a random variable 𝑋,

E(𝑋2) = Var(𝑋) + (E(𝑋))2.

By substituting 𝑋 with 𝜃̂ − 𝜃, we have:

MSE(𝜃̂) = E[(𝜃̂ − 𝜃)2]
= Var(𝜃̂ − 𝜃) + (E[𝜃̂ − 𝜃])2

= Var(𝜃̂) + Bias(𝜃̂,𝜃)2

Understanding the relationship between MSE, variance and bias allows for
the selection of an appropriate neural network architecture. If the MSE is high
due to a high variance, regularisation techniques can be applied to reduce it.
It can also be reduced by reducing bias through increasing the complexity of
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the network, e.g. adding more neurons or layers. [16]

There are various different cost functions that can be used by different neural
networks. For example, classification tasks often use the cross-entropy loss
function, which measures the difference between the discovered probability
distribution of a classification model and the network’s own predicted values.
[29]
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Chapter 3

Training Neural Networks

“Artificial Intelligence, deep learning, machine learning —
whatever you’re doing if you don’t understand it — learn it.
Because otherwise, you’re going to be a dinosaur within 3 years.”

Mark Cuban

3.1 Forward Propagation
Forward propagation (or a forward pass) refers to the calculation of inter-
mediate variables for the neural network starting from the input layer to the
output layer. Inputs are passed to the network and is fed in the forward
direction through the neurons, to generate an output. Consider the network
shown below.

Figure 3.1: A neural network with three layers [30]

In the above picture, the three different layers of the network are shown, Each
of the connections, shown as lines between the neurons, has a corresponding
weight. In the following equations, the weight of the corresponding link will
be denoted as 𝑤(1)

𝑖 𝑗
where 𝑖 is the number of the node in layer 1 + 1 and 𝑗 is

the number of the node in layer 1 e.g. the weight of the link between the first
neuron of the first layer and the second neuron of the second later would be
denoted as 𝑤(1)

21 . [8] The network also has a bias of 1 connected to all of the
neurons in the next layer. The bias attached to each neuron will be denoted
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as 𝑏(1)
𝑖

where 𝑖 is the number of the node in layer 1 + 1. [31]

The following system of equations can be used represent the above network:

ℎ
(2)
1 = 𝜑(𝑤(1)

11 𝑥1 +𝑤(1)
12 𝑥2 +𝑤(1)

13 𝑥3 + 𝑏(1)1 )
ℎ
(2)
2 = 𝜑(𝑤(1)

21 𝑥1 +𝑤(1)
22 𝑥2 +𝑤(1)

23 𝑥3 + 𝑏(1)2 )
ℎ
(2)
3 = 𝜑(𝑤(1)

31 𝑥1 +𝑤(1)
32 𝑥2 +𝑤(1)

33 𝑥3 + 𝑏(1)3 )
ℎ𝑊 ,𝑏(𝑥) = ℎ

(3)
1 = 𝜑(𝑤(2)

11 ℎ
(2)
1 +𝑤(2)

12 ℎ
(2)
2 +𝑤(2)

13 ℎ
(2)
3 + 𝑏(2)1 )

The first three equations are the outputs of the three neurons in the second
layer. The last equation calculates the final output, taking the outputs of
the second layer as inputs into the third layer. [32] These equations can be
simplified as shown below, with 𝑧(1)

𝑖
representing the sum of inputs for neuron

𝑖 in layer 1, including the bias:

𝑧
(2)
1 = 𝑤

(1)
11 𝑥1 +𝑤(1)

12 𝑥2 +𝑤(1)
13 𝑥3 + 𝑏(1)1 =

𝑛∑
𝑗=1

𝑤
(1)
𝑖 𝑗
𝑥𝑖 + 𝑏(1)𝑖

, where 𝑛 is the number of nodes in the previous layer. The equations can be
further simplified:

ℎ(2) = 𝜑(𝑧(2)) = 𝜑(𝑊 (1)𝑥 + 𝑏(1))
ℎ𝑊 ,𝑏(𝑥) = ℎ(3) = 𝜑(𝑧(3)) = 𝜑(𝑊 (2)ℎ(2) + 𝑏(2))

Here is what the general form for forward propagation looks like:

ℎ(𝑙+1) = 𝜑(𝑧(𝑙+1)) = 𝜑(𝑊 (𝑙)ℎ(𝑙) + 𝑏(𝑙))

This shows how the output of layer 𝑙 becomes the input for the layer 𝑙 + 1.
These can also be represented as matrices and vectors, as shown below:
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𝑧(2) =
©­­«
𝑤

(1)
11 𝑤

(1)
12 𝑤

(1)
13

𝑤
(1)
21 𝑤

(1)
22 𝑤

(1)
23

𝑤
(1)
31 𝑤

(1)
32 𝑤

(1)
33

ª®®¬
©­«
𝑥1
𝑥2
𝑥3

ª®¬+
©­­«
𝑏
(1)
1
𝑏
(1)
2
𝑏
(1)
3

ª®®¬
=

©­­«
𝑤

(1)
11 𝑥1 +𝑤(1)

12 𝑥2 +𝑤(1)
13 𝑥3

𝑤
(1)
21 𝑥1 +𝑤(1)

22 𝑥2 +𝑤(1)
23 𝑥3

𝑤
(1)
31 𝑥1 +𝑤(1)

32 𝑥2 +𝑤(1)
33 𝑥3

ª®®¬+
©­­«
𝑏
(1)
1
𝑏
(1)
2
𝑏
(1)
3

ª®®¬
=

©­­«
𝑤

(1)
11 𝑥1 +𝑤(1)

12 𝑥2 +𝑤(1)
13 𝑥3 + 𝑏(1)1

𝑤
(1)
21 𝑥1 +𝑤(1)

22 𝑥2 +𝑤(1)
23 𝑥3 + 𝑏(1)2

𝑤
(1)
31 𝑥1 +𝑤(1)

32 𝑥2 +𝑤(1)
33 𝑥3 + 𝑏(1)3

ª®®¬
This shows how neural networks use matrices and vectors to handle computa-
tions involved with forward propagation efficiently, especially when dealing
with large datasets. Modern deep learning frameworks (like TensorFlow and
PyTorch) are optimised for matrix operations on GPUs, further enhancing
computational efficiency. [33]

3.2 Backpropagation
Backpropagation is a fundamental algorithm used for training neural net-
works. It involves propagating the error backwards through the network to
update the weights and biases so that the cost function can be minimised.
Backpropagation is simply a practical application of the chain rule and uses
the idea that the derivative of a function can be calculated by working back
through the layers of the network. [8]

In order to find the most suitable weights and biases for the neurons, we need
to know how the cost function changes with respect to them. The chain rule
can be applied to dine the derivative of the cost function with respect to the
weight as shown:

𝜕𝐶

𝜕𝑤𝑖
=

𝜕𝐶

𝜕𝑦̂
× 𝜕𝑦̂

𝜕𝑧
× 𝜕𝑧

𝜕𝑤𝑖

, where C is the cost function, and z is the input to the neuron. [2] Now we
need to find the following gradients:

𝜕𝐶

𝜕𝑦̂
= ?

𝜕𝑦̂

𝜕𝑧
= ?

𝜕𝑧

𝜕𝑤1
= ?
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Starting with the gradient of the cost function (𝐶) with respect to the predicted
value (𝑦̂):

𝜕𝐶

𝜕𝑦̂
=

𝜕

𝜕𝑦̂

1
𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦̂𝑖)2 = 2 × 1
𝑛

𝑛∑
𝑖=1

(𝑦̂𝑖 − 𝑦𝑖)

Let 𝑦 = [𝑦1, 𝑦2, . . . , 𝑦𝑛] and 𝑦̂ = [𝑦̂1, 𝑦̂2, . . . , 𝑦̂𝑛] be the row vectors of actual
and predicted values. The above equation can now be simplified to [34]:

𝜕𝐶

𝜕𝑦̂
=

2
𝑛
× sum(𝑦̂𝑖 − 𝑦𝑖)

To find the gradient of the predicted value (𝑦̂) with respect to z (for this
example, we will be using the sigmoid activation function):

𝜕𝑦̂

𝜕𝑧
=

𝜕

𝜕𝑧
𝜎(𝑧)

=
𝜕

𝜕𝑧

(
1

1 + 𝑒−𝑧
)

=
𝑒−𝑧

(1 + 𝑒−𝑧)2

=
1

(1 + 𝑒−𝑧) ×
𝑒−𝑧

(1 + 𝑒−𝑧)

=
1

(1 + 𝑒−𝑧) ×
(
1 − 1

(1 + 𝑒−𝑧)

)
= 𝜎(𝑧) × (1 − 𝜎(𝑧))

The gradient of 𝑧 with respect to the weight (𝑤𝑖) is

𝜕𝑧

𝜕𝑤𝑖
=

𝜕

𝜕𝑤𝑖
(𝑧)

=
𝜕

𝜕𝑤𝑖

(
𝑛∑
𝑖=1

(𝑥𝑖 ·𝑤𝑖 + 𝑏)
)

= 𝑥𝑖

Therefore, we get:

𝜕𝐶

𝜕𝑤𝑖
=

2
𝑛
× sum(𝑦̂𝑖 − 𝑦𝑖) × 𝜎(𝑧) × (1 − 𝜎(𝑧)) × 𝑥𝑖

For the derivative of the cost function with respect to the bias (b), the same
can be applied, but since the bias is a constant term, the derivative of z with
respect to b is 1 and so it can be written as [34]:

𝜕𝐶

𝜕𝑏
=

2
𝑛
× sum(𝑦̂𝑖 − 𝑦𝑖) × 𝜎(𝑧) × (1 − 𝜎(𝑧))
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3.2.1 Optimisation
Optimisation involves finding the set of parameters (weights and biases) to
minimise the cost function. The most common optimisation algorithm is
gradient descent and its variants. [8]

Gradient Descent: The weights and bias are updated as follows, and the
backpropagation and gradient descent are repeated until convergence. [34]

𝑤𝑖 = 𝑤𝑖 −
(
𝛼 × 𝜕𝐶

𝜕𝑤𝑖

)
𝑏 = 𝑏 −

(
𝛼 × 𝜕𝐶

𝜕𝑏

)
, where 𝛼 is the learning rate- a scalar value that determines how much the
parameters change in each iteration of backpropagation. A high learning rate
means that the weights change faster and lead to faster convergence; however,
it may overshoot the optimal point, making it disadvantageous. [2]

By repeatedly applying these updates to the parameters, the algorithm con-
verges to the minimum of the cost function, leading to the optimal conditions.
[16] This ensures the network reduces its error as much as possible, making
it very accurate.

(a) [35] (b) [36]

Figure 3.2: A visualisation of gradient descent

3.3 Initialisation
Proper initialisation of neural network weights is crucial for effective train-
ing. The choice of initialisation strategy can significantly impact the speed of
convergence to the minimum cost and the final performance of the model.

If the initial weights are too small or too large, the gradients during back-
propagation can become very small or grow exponentially, so learning may
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be slow or not happen at all. Typically, weights are initialised from a Gaussian
(normal) distribution or a uniform distribution [8]:

Gaussian Distribution : 𝑤𝑖 𝑗 ∼ N(0, 𝜎2) Uniform Distribution : 𝑤𝑖 𝑗 ∼ U(−𝑎, 𝑎)

, where 𝜎 and 𝑎 are chosen to control the scale of the weights.

3.3.1 Xavier Initialisation
One example of an initialisation method is the Xavier initialisation. [2] This is
designed to keep the variance of the weights approximately constant across
layers. This method is suitable for activation functions like sigmoid and tanh,
which can suffer from vanishing gradients if not properly initialised. For a
neuron with 𝑛in incoming connections and 𝑛out outgoing connections, the
weights are initialised as:

• Uniform Xavier Initialisation:

𝑤𝑖 𝑗 ∼ U

(
−

√
6√

𝑛in + 𝑛out
,

√
6√

𝑛in + 𝑛out

)
• Normal Xavier Initialisation:

𝑤𝑖 𝑗 ∼ N

(
0, 2
𝑛in + 𝑛out

)
Practical Considerations: The choice of initialisation method is usually de-
pendent on the type of activation function used. Different activation functions
transform inputs differently, affecting the flow of signals (activations) and gra-
dients (during backpropagation). Therefore, it is crucial that the correct one
is selected. Biases are typically initialised to zero or small constants, ensuring
all neurons behave symmetrically at the beginning of the learning stage [37].
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Chapter 4

Conclusion

4.1 An Overview
The study of neural networks has proven to be an important aspect of ma-
chine learning. In this project, we have explored the biological inspiration of
neural networks and their current applications, as well as the mathematical
principles that govern their functioning and learning processes.

In the introduction, we explored the historical development of neural net-
works, from the initial model of the perceptron to the advanced multi-layer
perceptrons. We then laid out the basics of neural networks, describing their
structure and the roles of artificial neurons, layers, weights, and biases. These
are the basic elements of neural networks, which are affected by mathematical
ideas that make them work and perform well. We also discussed the signifi-
cance of activation and cost functions, which are important components that
determine how neural networks learn from data. The Universal Approxi-
mation Theorem highlighted the theoretical possibility of neural networks to
approximate any function, provided the network is complex enough.

4.2 Training a Neural Network
The project then focused on neural network training. We explored forward
propagation and backpropagation, the fundamental processes involved in
training them. Forward propagation involves calculating activations across
layers, while backpropagation uses the chain rule of calculus to propagate
errors backwards, updating the weights to minimise the cost function.

The optimisation techniques discussed, such as gradient descent, are critical
for efficient learning. Initialisation strategies were also explored to under-
stand their impact on the training process. This ensures that the weights are
set to prevent the common issues of vanishing and exploding gradients.
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4.3 Final Thoughts
Mathematics plays a pivotal role in every aspect of neural networks, including
their architecture and their real-world application. Therefore, the mathemat-
ical foundation will remain one of the key areas of research and development
as the field continues to evolve, driving further applications and advance-
ments.

In conclusion, exploring the mathematics of neural networks not only enriches
our knowledge about these powerful tools but also provides the necessary
knowledge to develop new models and improve upon existing ones. This
project has given a broad overview of the mathematical concepts that un-
derpin neural networks and make them a crucial tool in machine learning,
paving the way for future research.
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