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1 Introduction

In November 1977, the American mathematician Ronald Graham was working on a proof re-
lated to a problem in Ramsey theory. During this research, he encountered an upper bound so
astronomically large that there is simply no intuitive way to comprehend its magnitude.

But why does this matter? It’s not just about size—it’s about what Graham’s number represents.
It challenges our very understanding of what numbers can be, showing us that mathematics can
lead us to places we never imagined. Graham’s number matters because it pushes the limits
of human knowledge and understanding. It’s a symbol of how maths can be both simple and
mind-blowingly complex, a reminder that even the most seemingly abstract concepts can lead
to profound discoveries.

For two decades, Graham’s number held the unofficial title of the largest number ever used in
a mathematical proof. Although it has since been surpassed, its relatively simple and easy-to-

follow derivation has cemented its place in mathematical history, making it one of the most
famous large numbers even today.

2 Edge Colouring in Graphs

Before delving into the titan of a number, it is crucial to understand the problem’s foundation:
edge colouring in multidimensional graphs.

Note : a complete graph is where there is all vertices are connected to each other by an edge.

2.1 Complete Graph in 2 Dimensions

Consider the four vertices below, which could be joined to create a square. However, we wish to
connect all the vertices as a complete graph, a network where all vertices are connected to each
other by a single edge.

The number of edges required to form a complete graph with 4 vertices is given by the binomial
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Now we can colour all 6 of the edges either red or blue. There are a total of 26 = 64 ways to
color the edges of the 2-D graph, as there are 2 options at each of the 6 edges.

The diagrams above shows 2 of the 64 possible configurations.

A graph like this (where there are 4 vertices, and 6 edges connecting all 4 together) is more
commonly known as Ky in graph theory.

2.2 Complete Graph in 3 Dimensions

Above there are the 8 vertices of a cube in 3 dimensions. Using the binomial coefficient, we see
that the number of edges required to connect all 8 vertices is:

Similar to the 2D square, we can calculate the number of possible configuartions of edge colour-
ing with red and blue as 22® ~ 270 million.

We wish to colour the edges of the cube such that the configuration K, never appears on a flat
plane in all red or all blue.




The following configurations would therefore not be allowed as K, appears on a flat surface in
one colour :

The configuration below however is valid :

3 The Original Problem

We define a configuration of coloured edges in any dimension as bad if it contains a monochro-
matic Ky, i.e., a complete subgraph on four vertices where all edges are either entirely red or
entirely blue. In the previous section, we observed that in two dimensions, it is possible to
construct a complete graph that is not bad. The same holds for three dimensions.

The problem asks to determine the smallest number of dimensions for which every possible edge

coloring is necessarily bad, meaning that no matter how the edges are colored, a monochromatic
K4 is unavoidable.

Number of verticies in an n-dimensional hypercube = 2"

27’1
—> Number of edges in the complete graph = < 9 >

We let E(n) = (2;). The number of configurations with each edge being red or blue comes out
to be 2E(7)

We can define C'(n) to be the number of coloured configurations possible on an n-dimensional
hypercube, where C(n) = 25(")

n_ C(n) log(C(n))

2 64 4.159
3 268435456 19.408
4 1.329 x 10% 83.178
5 2.046 x 1019 343.801

Note that in this section of the document, log refers to the natural log with base e.
Logs with base 10 will be represented via logig



Before we delve in n > 5, let’s take a moment to appreciate how quickly the function C'(n) grows.

Already, C(4) ~ 1035 is an incredibly accurate estimate of the total number of atoms in all 8
billion humans combined. But C(5) is so large that it exceeds the estimated number of atoms in
the entire universe by over 70 orders of magnitude! That is, we would need approximately 107
universes like ours in order to accumulate C'(5) atoms.

Astonishingly, modern computers can still perform floating-point arithmetic using such extreme
numbers, even though their size far surpasses any quantities we encounter in our day-to-day lives.

C(n) for any n > 5 is so large that average computers fail to perform calculations on these
numbers. Rather, the value is simply treated as infinity by their processers. In order to estimate
values of C'(n) as n grows, we must use the indentity:

C(n) = 2™

= log(C(n)) = E(n) x log2, (Where E(n) = (2;))

— log(C(n)) = log 2 x (2”) (1)

This allows us to find a value of the natural log of C'(n) without actually finding C(n). In order
to find an estimate for the actual value of C'(n) as an integer exponent of 10, we can convert all
the natural logs to logs with base 10.

2"’L
= log;o(C(n)) = logyy2 x ( 9 )
Let o = log;( 2 x (2;)

= log,y(C(n)) =
— C(n) =~ 10 (2)
Using equation (1) and (2), and also the help of Python code,:

n  C(n) log(C'(n))
6 ~ 10606 1397.4
7 A 102446 5633.9
8 A 109825 22624.3

The main thing to note here is that it is impossible to brute force the coloured configurations
of hypercubes, even with the computational power of all global processors combined. Mathe-
maticians must instead think extremely critically and determine if it is possible to avoid K, in
a single colour somewhere in the hypercube’s edges.

For all dimensions up to 12, mathematicians are certain that it is possible to colour the hyper-
cube in such a way.. However, in 13 dimensions, it is potentially impossible to avoid such a bad
configuration. Unfortunately, we are not yet completely certain whether n = 13 is indeed the
smallest dimension where a bad configuration becomes unavoidable.

While no formal proof exists for 13 dimensions, there was an upper bound for the smallest value
of n in which every possible colouring of the n-dimensional hypercube results in a bad configu-
ration. This bound is famously known as Graham’s Number.

The answer to the problem lied in the interval [13, Graham’s Number].
(the upper bound has since been improved to a lower number.)



4 Knuth’s Up Arrow Notation

4.1 Starting Small

Now that we have discussed the origin and use of Graham’s Number, we can appreciate its
unimaginable size. The bedrock for Graham’s Number utilises the up-arrow notation, first
thought of by computer-scientist Donald Knuth

Consider the expression a 1 b. This simply means a multiplied by itself repeatedly b times.

Repeated multiplication is simply exponentiation. = a 1 b= a’.

Eg:313=3x3x3=3=27

Now consider the expression a 11 b. Just like how a single arrow is repeated multiplication, a
double arrow is repeated single arrows. This is repeated exponentiation known as tetration.

attb=at(at(at...))

b times

Using a T a = a*:
attb=a"

b times

Keep this definition in mind : a 71 b is simply a power tower of a’s with a height of b
Eg: 3113 =3% =327 = 7,625,597,484,987

Before adding any more arrows, let’s analyse our findings. A single arrow between two 3’s gives
a fairly small result of 27. To visualise it, 3 T 3 seconds is about the duration of a short TV
commercial. However, adding a second arrow yields a result of over 7.6 trillion. 3 11 3 seconds
ago, the first Homo-sapiens had only just emerged, and were hundreds of millenia away from
evolving into modern humans. We see that adding even a single arrow can explode numbers out
of proportion.

4.2 A third arrow

With bravery, we can add an extra arrow, and evaluate 3 111 3
Triple arrows can be represented as a repeated string of double arrows. In this case:

31113 =311 (3113)

We already know that 3 11 3 = 7,625, 597,484,987,

— 31113 =311 (7,625,597, 484, 987)

Using the definition of double arrows being a tower of powers:

— 31tt3= 3

7.6 trillion times

It may be difficult to appreciate the magnitude of 3 111 3 in this form, so here is a way to
understand it.



Consider the number 3333 (3 11 4). This number is so large that it contains over 3.6 trillion
digits! This means that, even if we were to write out each digit at a rate of one per second, by
the time we finished writing the final digit, the tectonic activity of the Earth would have already
reshaped the geography beyond recognition. To even WRITE this number is impossible for any
human.

23
Now let’s analyse the much larger number 3333 (311 5).
To fully understand the next section, consider a googolplex (1010100). This is simply a 1 followed
by 10'% zeros. Since the universe ’only’ has about 108° atoms, there are vastly more digits in a
googolplex than atoms in the universe. In other words, to even write a googolplez, (given infinite
time) there simply is not enough space in the observable universe to write all 101°° zeros in this
number.

We may now prove that 3 11 5 is vastly bigger than a googolplez:

23
Let N = 3% and M = 101"

33

K 3
= log;o(N) =1log(3*" )= (3%") x log;y 3

We already know that 3 11 4 has 3.6 trillion digits so ~ 103-600,000,000,000

= log;o(N) = 1(3+600,000,000,000 o, logyo 3
— 1(3,600,000,000,000 () 477

Furthermore:
= log;o(M) = 10" x log;, 10

= 10g10(M) =10'"

Hence: 100
loglo(N) = 10g10(3 15) > IOglo(M) = 10g10(1010 )

3333 10100 . X
3 > 10 , By trillions of orders of magnitude

We see that a number which cannot even fit in the universe when written out pales in comparison
to 3115

Note that this was only a power tower of 5 three’s. In reality, 3 111 3 was a tower of over 7.6
trillion three’s, with each step down the tower taking us into a much bigger world. There is
simply no way to truly capture its size.

We started with 3 1 3, which equals 27, and jumped to 3 11 3, a number on the order of 7.6
trillion. A third expression, 3 17 3, gave us a number so large that it dwarfs even a googolplex.



4.3 A fourth arrow

We will add one final arrow, and attempt to evaluate 3 111 3. Quadruple arrows is simply a
repetition of triple arrows.

— B3 =3 111 (3711 3)

Remembering that triple arrows is repeated double arrows:

313 =311 (311...(3113)...))
31113

31311311, 3113113
3%3

The coloured part (3 11 3) is equal to 7.6 trillion as seen before

T3 3T...3113 1713
3?}?3

The coloured part is now 3 11 7.6trillion, which is 33"
N~

7.6 trillion times

3331 3113113113
3%3

The coloured part is now 311 (3% ), which is equal to 3

333...

7.6 trillion

Note that what happens is that when we go from right to left, we start with 3, but this is the
height of the power tower of the next number. This number is the height of the power tower of
the NEXT number (remembering that a 11 b is a power tower of a’s with height b). This process
carries on, with each new number we calculate being the height of the NEXT power tower. We
end up creating a tower of towers, and the height of this greater tower is 3 ™11 3, which in itself
is already unfeasible.

I will not bother trying to explain how gargantuan this number is, as there is simply no point.
By the time we construct our fifth power tower, we have a number which dwarfs 3 111 3 already.
The speed at which the size of these towers grows is beyond anything I can think of.

To summarise:

313=27, abyear old could count to this number



3113~ 7.6 x10'2, the number of seconds humanity has existed for
3111 3, cannot even be written in the universe given infinite time

3T 3, if imagined in its entirety, your brain would collapse into a black hole.

5 Reaching Graham’s Number

This entire time, I have been emphasising how rapidly the number grows after adding just one
arrow, and you are probably sick of hearing it. You will see why I keep mentioning this.

Let gy = 371111 3

g1, which is already beyond fathomable, represents the number of ARROWS between two 3’s in
92!

g2 =31 ... 1113
—_———
311113

To even attempt to simply this:

g2 = 3THHT oo LGB e 1113)

g1—1 g1—1

And this is the most we can really do.

Now, we define a recursive sequence. Let gp+1 = 3T ...... ™13
—_———

3113

Note that I am not even trying to explain how big these numbers are, as there is simply no point.
Anything beyond this scale, the numbers are practically infinite. But we are not still even close
We continue this process 64 times, until we reach gg4, and then finally, we reach the famous
Graham’s Number.

Graham’s Number = ggs = 3T ... M3
—_————

This was the upper bound for the original problem. Since then, the bound has been reduced to
9 111 4 (still an absurdly large number), but still an improvement.

6 Finding Graham’s Number (kind of)

Mathematicians have cleverly used modular arithmetic to determine the last couple digits of
Graham’s Number. In order to determine the final k digits of gg4, we must work modulo 10*.

Working modulo 10, we can prove that Graham’s Number will end in a 7.

Let fo(n) = 3™ mod 10.



We see that fo(1) =3, fo(2)=9, fo(3)=7, fo(4) =1,

and this sequence repeats with a period of 4.

Thus, we can define fo(n) for all k € Z™ as:

foldk+1) =3, fo(dk+2)=9, fo(dk+3)=17, f[fo(4k)=1.

Now let fi(n) = 32" mod 10.

Consider the case when n =4k + 1 or 4k + 3

Since fo(4k +1) = 3, = 3%+ = 7(mod 10)

Furthermore, fo(4k +3) =7, = 3**3 = 7(mod 10)

Since 4k + 1 and 4k + 3 covers all odd integers (every odd integer is either 1 more or 3 more
than a multiple of 7), f1(2k+1) =7,k € Z*

Now consider Graham’s Number, which can be written in the form 3V, for some large number

N. N itself can be written in the form N = 3™ 5o ggs = 3 = 33" Since M is also a 3s power

tower, it will not contain any factors of 2, and is therefore odd.

Since M is odd, fi(M) = 7. From the definition of f;(n) = 3" mod 10, it must follow that 33"

ends in a 7. It just so happens that 33" = 964

.. The last digit of Graham’s Number is a 7.

Modular arithmetic for larger powers of 10 can get tedious, so it is ideal to use computers to
minimize the effort.

Here are the steps in the algorithm to get the last k digits of Graham’s Number:

1. Define g1 = 3 ™1 3, which represents a power tower of height 3 with base 3.
2. Recursively compute g, = 31111 ...... ™M13forn=234..64.
—_——

In—1

3. Instead of computing G4 directly (which is impossible), compute it modulo 10¥ to keep
only the last k digits.

4. Use modular exponentiation to efficiently compute each step while maintaining only the
last k digits.

5. Output the last k digits of Graham’s number.



Here is the code written in Python 3.13 which implements the algorithm.

def tetration(base, height, mod):
# Repeated exponentiation (power tower)
if height == 1:
return base J mod
# Compute power step by step
return pow(base, tetration(base, height - 1, mod), mod)

def get_digits(k):
# Only keep the last k digits
mod = 10*x*k
return tetration(3, 64, mod)

3k = int (input ())

print (get_digits(k))

When running the code and inputting k=1, it indeed shows that the last digit is a 7.

I inputted 100 as the value of k, and in return, got the last 100 digits of Graham’s Number:

....9079226639260620677321886132284373937967905496638003222348723967
018485186439059104575627262464195387

No matter how much computational power we accumulate, and regardless of how many trailing
digits we identify, no one will ever determine and prove the leading digit of Graham’s Number.

Finally, just because it was possible, I ran k=1000, and determined the final 1000 digits of
Graham’s Number:

44971642165645151102936883664888018858403624062815163521875279958512488704420489
44061913925184037190050588212396572610392650175229552134153269432511821552550203
29205137091451473704487301573873290356253491361494427030013261335445589471331690
28560884690298726131830972389991129806394011058964203536259855081053911854700056
76404661335193185765688376078075683088861725491856516963833592343595173638758013
36329387733225870924453459429130964789060952817666856187168996638209723589827505
60297686586370371795969572191382097770408336631702242710149291119363584833460155
39119537013249118176508414606303084667696551712645450341565936511215556497230024
77414733326786997849816259352346240407062341334265239360684996791778633834117113
15613103582296797847857289229751812266457069791886095788642460542935580963650187
01489889894829402407649127141672446824196762831438987937837762126019051822096583
60400301923644869183907922663926062067732188613228437393796790549663800322234872
3967018485186439059104575627262464195387

7 Conclusion
Graham’s Number held the title of the largest number ever used in a mathematical proof for
several decades. However, in recent years, it has been surpassed by other massive numbers, such

as TREE(3) and Rayo’s Number, among others.

A common question that arises is: Why can’t mathematicians simply add 1 each time a new
large number is discovered, and let that become the “largest” number? The answer is that such
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a number would lose its utility. Graham’s Number, for instance, was originally introduced as
an upper bound in a specific mathematical proof. Increasing it arbitrarily would undermine its
purpose and relevance in the context of the problem it was designed to address.

TREE(3), for example, is not just an arbitrary large number—it is used to describe the number
of possible games that can be formed given 3 seeds and a set of rules. Similarly, Rayo’s Number
was defined within the context of first-order set theory for a specific purpose: to win a “big num-
ber contest.” These numbers aren’t just large for the sake of being large; they have particular
applications and meanings within their respective fields.

One last thing to consider is that regardless of how ridiculously large Graham’s Number seems,
as n — 0o, the probability that n > gg4 tends to 100 %.

Infinity is not a number in itself, but rather a concept that represents the idea of something
continuing without limit, beyond any finite value, no matter how large.
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