A Journey Through Ramsey Theory

1. Introduction:

Hello dear reader! Imagine you are hosting a small gathering. You invite six people. If you have
ever been to such a party and felt a sudden urge to calculate the probability that at least three
people in the room either all know each other or are complete strangers, then you are in the right
place. If you haven’t... well, stick around anyway, because we are about to explore the
mathematical proof that complete disorder is impossible.
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At first glance, the idea that a specific social pattern must exist sounds like a coincidence. Surely,
if you carefully curate the guest list, you can avoid these “triangles" of familiarity - where Person
A knows Person B, Person B knows Person C, and Person C knows Person A - or isolation —
where Person A is a stranger to B, B is a stranger to C, and C remains a stranger to A? However,
mathematics tells us that once your party reaches a certain size, these patterns become inevitable.
This is the world of Ramsey Theory, a branch of combinatorics that suggests no matter how
chaotic a system looks, if it is large enough, it must contain a highly organized substructure. Or,
as | like to call it: the "Eventually, Everything Makes Sense™ theorem.

2. What is Ramsey Theory?
To understand this, we have to look at network graphs—dots (vertices) connected by lines
(edges). Imagine we color every edge of a graph either Red (representing friends or familiarity)

or Blue (representing strangers or isolation). Ramsey Theory asks: How big does the graph need
to be before we are guaranteed to find a "clique"—a triangle where every edge is the same color?

We denote this as R(#~, 8). This represents the minimum number of people needed so that there
are either »~ people who all know each other (a Red triangle) or s people who are all strangers (a
Blue triangle).

The most famous entry point into this theory is proving that:

R (3,3)=6.
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3. Logical Proof: Why R (3, 3) =6?

To solve this, let’s pick one person at your party, Vertex A. In a group of six, A has 5

connections to the other guests. Since there are only 2 colors available, the Pigeonhole Principle
dictates a certain outcome. This principle states that if you try to put 5 items into 2 holes, at least
one hole must contain at least 3 items. Therefore, A must have at least 3 edges of the same color.

Now, we know that Vertex A has 3 edges (B, C, D) or is connected to 3 people in the party,
which is the first side of the triangle. Now, all we have to do is look at the relationship between
B, C, D to complete the triangle.

Vertex

Friends
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Scenario 1: The "Instant Friend"

If any two of those people (B, C, or D) happen to know each other, our job is done!

o Imagine B and C are friends.

e Since we already know A is friends with B and A is friends with C, then A, B, and C
together form a "Triangle of Friends."

e Result: We found our group of 3 friends!

Vertex

Eriends

Friends
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Scenario 2: The "Triple Stranger"

But what if none of them know each other? What if B doesn't know C, C doesn't know D, and D
doesn't know B?

o If there is zero friendship between B, C, and D, then they are all strangers to one another.
e That group of three (B, C, and D) now forms a "Triangle of Strangers."
o Result: We found our group of 3 strangers!

Vertex

Friends

D

Mathematically, there is no third option.

1. If even one pair among B, C, and D are friends, they link up with Person A to make a
friendship triangle.

2. If none of them are friends, then B, C, and D themselves are the stranger triangle.
So in a party of 6 people, no matter how you try to arrange their relationships, you will

accidentally create either a trio of friends or a trio of strangers. So 6 is the minimum crowd size
needed to guarantee that you hit either Goal A (#) or Goal B (.8)
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Why R (3, 3) =6 not 5?
This goes back to the Pigeonhole Principle we discussed:

1. Pick Person A. In a group of 6, they have 5 neighbors.
2. With only 2 choices (Friend or Stranger), Person A must have at least 3 of one kind. Let’s
say they have 3 Friends (B, C, and D).
3. The Trap: Now look at B, C, and D.
o If any two of them are friends, they link with A to make a Friend Trio.

o If none of them are friends, then B, C, and D are a Stranger Trio.
While in a group of 5, Person A has 4 neighbors only. Resulting in everyone having exactly 2
friends and 2 strangers. If you pick any 3 people, you’ll find they are a mix (like two friends and

one stranger). You successfully avoided the "All-Friend" or "All-Stranger" triangle! Concluding
that R(3,3) must be bigger than 5

4. The ""Alien" Difficulty of Large Numbers

You might think, "Okay, if R (3, 3) =6, then R (5, 5) shouldn't be that much harder, right?"
Wrong. Finding Ramsey numbers is notoriously difficult because the possibilities explode in
size. While R (4, 4) = 18, the exact value of R (5, 5) remains a mystery; we only know it lies
between 43 and 48.

In R (4,4)=18, the goal is to find a clique of 4: either 4 people who all know each other, or 4

people who are all complete strangers. Where we used a recursive formula from Ramsey Theory
rules to calculate the upper bound of these numbers:

R(r,S)<R(r-1,s8) + R (r,s-1)

To find the value for R (4,4), we need the "steps" below it:

e We already know R (3,3) = 6.

o We also need to know R (3,4) (the number of people needed to guarantee 3 friends or 4
strangers). Through a similar proof to the one we did for R (3,3), it has been proven that
R(3,4) =9.

Now, let's plug those "steps™ into our formula to find the limit for R (4, 4):

R(@4,4)<R@B,4)+R 43
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Since Ramsey numbers are symmetric (meaning R (3, 4) is the same as R (4, 3)), the math looks
like this:

R(4,4)<9+9

R (4,4) <18

Which guarantees us within 18 people there is definitely our group of 4 friends or strangers.

However for R (5,5), he legendary mathematician Paul Erdés famously noted that if a vastly
powerful alien force landed on Earth and demanded the value of R (5, 5) or they would destroy
our planet, we should marshal all our computers and mathematicians to find it. But, he warned, if
they asked for R (6, 6), we should instead focus all our energy on a military defense. The
computation is simply beyond human reach. To put it in perspective, checking a graph with just
50 vertices involves 21225 combinations—a number so large it makes the atoms in the
observable universe look like a rounding error.

5. Beyond Two Colors: Multi-Color Ramsey Numbers

Leaving the mystery and looking further in the theory. What if your party guests have three types
of relationships? Perhaps they are Friends (Red), Strangers (Blue), or Business Rivals (Green)?
This is R (3, 3, 3). Using a recursive inequality developed by Greenwood and Gleason:

R (1, 7 e, 1) <2435 (R4, sy =1, 0,73) — 1)

We can prove that R (3, 3, 3) = 17. In a group of 17 people with three relationship types, a
"triangle™ of a single color is mathematically guaranteed.
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Our first step to proving R (3, 3, 3) = 17 is looking at Pigeonhole Principle. Let’s pick one
person at the party: Vertex A.

e Inagroup of 17, Vertex A has 16 connections to other people.

e We have 3 colors (Red, Blue, Green).

e The Math: 16 +~ 3=5.33.

« According to the Pigeonhole Principle, if you have 16 edges and only 3 colors, at least
one color must be used at least 6 times.

Let’s assume Vertex A has 6 Red edges (6 friends).
Now, look at those 6 friends (let's call them the "Red Group").

e We need to look at the relationships between these 6 people.

e Scenario A: If any two people in this Red Group are friends (Red edge), they link up with
Vertex A to form a Red Triangle. (Goal reached!)

« Scenario B: If none of them are friends, then the relationships between these 6 people can
only be Blue or Green,

Look closely at Scenario B. We have 6 people and only 2 colors (Blue and Green).
Does that sound familiar? That is exactly the R (3, 3) problem we solved earlier!

e We already proved that R (3, 3) = 6.

e This means in any group of 6 people with 2 relationship types, there must be a triangle of
one of those types.

« So, within our "Red Group," there is guaranteed to be either a Blue Triangle (3 strangers)
or a Green Triangle (3 rivals).

To summarize, no matter how you color the edges, the structure is forced:

1. Either Vertex A forms a Red Triangle with two of its 6 friends.
2. Or, those 6 friends are forced to form a Blue or Green Triangle among themselves.

Mathematically, we express this recursive "ladder" as:

R(3,3,3) <3 x(R(33)-1)+2

R(3,33)<3x (6-1)+2=17
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6. Conclusion: The Philosophy of Order

Ramsey Theory reveals a beautiful, rigid backbone beneath the apparent randomness of our
world. It is the mathematical antidote to the idea of pure, unadulterated chaos. Whether it is stars
in the sky forming constellations or patterns emerging in massive datasets, the universe is biased
toward organization.

Next time you are in a crowd of six people take a look around. Somewhere in that room, there is

a triangle of friendship or a triangle of mystery just waiting to be discovered. You aren't just at a
party; you are a vertex in a perfectly organized substructure.
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