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1 Introduction 

In Game Theory, one of the most important thought experiments is the Prisoner’s 

Dilemma. It entails two rational agents who have been arrested and are being interrogated 

separately (i.e., communication is not allowed between them). Each of these agents are posed 

with two possible options: they can betray their partner; they can co-operate with their partner. 

However, they don’t know what decision their partner is making. After the agents have made their 

decisions, they will each receive a prison sentence accordingly. 

Let’s map this out in a table with two rational agents, let’s call them 𝑨 and 𝑩, and every possible 

outcome with their respective sentences (see Figure 1). 

 𝑨 Co-operates 𝑨 Betrays 
𝑩 Co-operates Both 𝑨 and 𝑩 receive small 

medium sized sentence (let’s 
call this sentence 𝛼 years) 

𝑨 receives a minimum 
sentence (let’s call this 

sentence 𝛽 years) 
𝑩 receives a maximum 
sentence (let’s call this 

sentence 𝛾 years) 
𝑩 Betrays 𝑨 receives a maximum 

sentence (this sentence is 𝛾 
years) 

𝑩 receives a minimum 
sentence (this sentence is 𝛽 

years) 

Both 𝑨 and 𝑩 receive large 
medium sized sentence (let’s 

call this sentence 𝛿 years) 

Figure 1: a table with all possible outcomes and their respective sentences 

In this table, 𝛾 > 𝛿 > 𝛼 > 𝛽 and {𝛼, 𝛽, 𝛾, 𝛿 ∈ ℝ: 𝛼, 𝛽, 𝛾, 𝛿 ≥ 0}. To get a better understanding of 

this table numerically, we can set 𝛼, 𝛽, 𝛾 and 𝛿 to their typical values which are 𝛼 = 1, 𝛽 = 0, 𝛾 =

5 and 𝛿 = 3 (see Figure 2). 

 𝑨 Co-operates 𝑨 Betrays 
𝑩 Co-operates Both 𝑨 and 𝑩 receive a 1-year 

sentence 
𝑨 receives a 0-year sentence 
𝑩 receives a 5-year sentence 

𝑩 Betrays 𝑨 receives a 5-year sentence 
𝑩 receives a 0-year sentence 

Both 𝑨 and 𝑩 receive a 3-year 
sentence 

Figure 2: a table with all possible outcomes and their typical respective sentences 

We can now see why the prisoners would want to make a certain decision. If a prisoner wants to 

prioritise getting no sentence at all, they are most likely to take the risk of betraying their partner. 

If a prisoner is more ethical and believes that his partner is also ethical, they are most likely to co-

operate, believing that they will both receive a minimal sentence. 

This dilemma proposes an important question: what is the best choice? To answer this question, 

we will have to look at the probability of each outcome and create a sort of scoring system that 

enables the quantification of the data so we can determine, statistically, what the best option is 

for the rational agent. 

2 The Probability of each Outcome 

To analyse the problem quantitatively, let’s set the probability of agent 𝑨 co-operating 

equal to 𝑞 and set the probability of agent 𝑩 co-operating equal to 𝑟. This means 
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that the probability of agent 𝑨 betraying is equal to 1 − 𝑞 and the probability of agent 𝑩 betraying 

is equal to 1 − 𝑟 (since the probability of co-operating and betraying for the agents must sum to 

1). 

ℙ(𝑨 𝒄𝒐 − 𝒐𝒑𝒆𝒓𝒂𝒕𝒆𝒔) = 𝑞 where {𝑞 ∈ ℝ: 0 ≤ 𝑞 ≤ 1} ∵ 𝑖𝑡 𝑖𝑠 𝑎 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑡𝑦 

ℙ(𝑨 𝒃𝒆𝒕𝒓𝒂𝒚𝒔) = 1 − 𝑞 

ℙ(𝑩 𝒄𝒐 − 𝒐𝒑𝒆𝒓𝒂𝒕𝒆𝒔) = 𝑟 𝑤ℎ𝑒𝑟𝑒 {𝑟 ∈ ℝ: 0 ≤ 𝑟 ≤ 1} ∵ 𝑖𝑡 𝑖𝑠 𝑎 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑡𝑦 

ℙ(𝑩 𝒃𝒆𝒕𝒓𝒂𝒚𝒔) = 1 − 𝑟 

Now let’s define the matrix 𝑀𝑃 which encompasses the probabilities of all possible outcomes in a 

similar way to the table in Figure 1. 

𝑀𝑃 = (
Both 𝑨 and 𝑩 co − operate 𝑨 betrays and 𝑩 co − operates

𝑨 co − operates and 𝑩 betrays Both 𝑨 and 𝑩 betray
) 

𝑀𝑃 = (
ℙ(𝑨 𝒄𝒐 − 𝒐𝒑𝒆𝒓𝒂𝒕𝒆𝒔) × ℙ(𝑩 𝒄𝒐 − 𝒐𝒑𝒆𝒓𝒂𝒕𝒆𝒔) ℙ(𝑨 𝒃𝒆𝒕𝒓𝒂𝒚𝒔) × ℙ(𝑩 𝒄𝒐 − 𝒐𝒑𝒆𝒓𝒂𝒕𝒆𝒔)

ℙ(𝑨 𝒄𝒐 − 𝒐𝒑𝒆𝒓𝒂𝒕𝒆𝒔) × ℙ(𝑩 𝒃𝒆𝒕𝒓𝒂𝒚𝒔) ℙ(𝑨 𝒃𝒆𝒕𝒓𝒂𝒚𝒔) × ℙ(𝑩 𝒃𝒆𝒕𝒓𝒂𝒚𝒔)
) 

𝑀𝑃 = (
𝑞𝑟 (1 − 𝑞)𝑟

𝑞(1 − 𝑟) (1 − 𝑞)(1 − 𝑟)
) 

3 The Scoring System 

To create the scoring system, we need to come back to the prison sentences that were 

given for each outcome (see Figure 3). 

 𝑨 Co-operates 𝑨 Betrays 
𝑩 Co-operates Both 𝑨 and 𝑩 receive a 

𝛼 −year sentence 
𝑨 receives a 𝛽 −year 

sentence 
𝑩 receives a 𝛾 −year 

sentence 
𝑩 Betrays 𝑨 receives a 𝛾 −year 

sentence 
𝑩 receives a 𝛽 −year 

sentence 

Both 𝑨 and 𝑩 receive a 
𝛿 −year sentence 

Figure 3: a table with all possible outcomes and their respective sentences where 𝛾 > 𝛿 > 𝛼 > 𝛽 

The simplest and best way to create a scoring system is to set the number of points for each agent 

equal to the size of their prison sentence (i.e., equal to 𝛼 𝑜𝑟 𝛽 𝑜𝑟 𝛾 or 𝛿). This would mean that the 

aim for each agent is to receive the smallest possible number of points as that would equate to the 

shortest prison sentence. We can sum this up in a table (see Figure 4). 

 𝑨 Co-operates 𝑨 Betrays 
𝑩 Co-operates 𝑨′𝒔 𝒔𝒄𝒐𝒓𝒆: 𝛼 

𝑩′𝒔 score: 𝛼 
𝑨′𝒔 𝒔𝒄𝒐𝒓𝒆: 𝛽 
𝑩′𝑠 score: 𝛾 

𝑩 Betrays 𝑨′𝒔 𝒔𝒄𝒐𝒓𝒆: 𝛾 
𝑩′𝒔 score: 𝛽 

𝑨′𝒔 𝒔𝒄𝒐𝒓𝒆: 𝛿 
𝑩′𝒔 score: 𝛿 

Figure 4: a table with all possible outcomes and their scores where 𝛾 > 𝛿 > 𝛼 > 𝛽 

Let’s now convert this table into matrix 𝑀𝑨 and 𝑀𝑩 to make the next section easier to calculate: 
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𝑀𝑨 = (
𝛼 𝛽
𝛾 𝛿

) 

𝑀𝑩 = (
𝛼 𝛾
𝛽 𝛿) 

4 Combining the Probabilities with the Scoring System 

To combine the probability of each outcome with our scoring system, we can use the 

concept of expected value (𝐸[𝑨] 𝑎𝑛𝑑 𝐸[𝑩]). This is done by using the formula: 

𝐸[𝑋] = ∑[(𝑆𝑐𝑜𝑟𝑒) × (𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑔𝑒𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑠𝑐𝑜𝑟𝑒)] 

To calculate 𝐸[𝑨], we must combine matrix 𝑀𝑃 with matrix 𝑀𝑨: 

𝐸[𝑨] = 𝛼𝑞𝑟 + 𝛽(1 − 𝑞)𝑟 + 𝛾𝑞(1 − 𝑟) + 𝛿(1 − 𝑞)(1 − 𝑟) 

To calculate 𝐸[𝑩], we must combine matrix 𝑀𝑃 with matrix 𝑀𝑩: 

𝐸[𝑩] = 𝛼𝑞𝑟 + 𝛾(1 − 𝑞)𝑟 + 𝛽𝑞(1 − 𝑟) + 𝛿(1 − 𝑞)(1 − 𝑟) 

But what does this expected value actually tell us? The expected value represents the average 

outcome over many repetitions of the game, weighted by the probability of each scenario (see 

Section 5 but slightly different as we wouldn’t know what the other prisoner previously did in the 

last round). 

Imagine if we were in the shoes of agent 𝑨. If we want to have a lower prison sentence compared 

to agent 𝑩, our expected value should be lower than the expected value for agent 𝑩 (i.e., 𝐸[𝑨] <

𝐸[𝑩]). 

To help understand this, let’s substitute the typical values for the length of the prison sentence 

into our expected value (𝛼 = 1, 𝛽 = 0, 𝛾 = 5 and 𝛿 = 3): 

𝐸[𝑨] = 𝑞𝑟 + 5𝑞(1 − 𝑟) + 3(1 − 𝑞)(1 − 𝑟) 

𝐸[𝑩] = 𝑞𝑟 + 5(1 − 𝑞)𝑟 + 3(1 − 𝑞)(1 − 𝑟) 

Now we want our expected value to be less than the expected value of agent 𝑩: 

𝑞𝑟 + 5𝑞(1 − 𝑟) + 3(1 − 𝑞)(1 − 𝑟) < 𝑞𝑟 + 5(1 − 𝑞)𝑟 + 3(1 − 𝑞)(1 − 𝑟) 

5𝑞(1 − 𝑟) < 5(1 − 𝑞)𝑟 

𝑞 − 𝑞𝑟 < 𝑟 − 𝑞𝑟 

𝑞 < 𝑟 

This tells us that if we want our expected value to be lower than the expected value of agent 𝑩, 

then we should betray them rather than co-operate since we want the probability of us co-

operating to be lower than the probability of them co-operating (since 𝑞 < 𝑟) – this is done by 

betraying them which sets 𝑞 = 0. 

Now what if we wanted to do this generally without giving the prison sentences specific values: 

𝛼𝑞𝑟 + 𝛽(1 − 𝑞)𝑟 + 𝛾𝑞(1 − 𝑟) + 𝛿(1 − 𝑞)(1 − 𝑟) < 𝛼𝑞𝑟 + 𝛾(1 − 𝑞)𝑟 + 𝛽𝑞(1 − 𝑟) + 𝛿(1 − 𝑞)(1 − 𝑟) 
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𝛽(1 − 𝑞)𝑟 + 𝛾𝑞(1 − 𝑟) < 𝛾(1 − 𝑞)𝑟 + 𝛽𝑞(1 − 𝑟) 

𝛽𝑟 − 𝛽𝑞𝑟 + 𝛾𝑞 − 𝛾𝑞𝑟 < 𝛾𝑟 − 𝛾𝑞𝑟 + 𝛽𝑞 − 𝛽𝑞𝑟 

𝛽𝑟 + 𝛾𝑞 < 𝛾𝑟 + 𝛽𝑞 

𝛾𝑞 − 𝛽𝑞 < 𝛾𝑟 − 𝛽𝑟 

𝑞(𝛾 − 𝛽) < 𝑟(𝛾 − 𝛽) 

𝑞 < 𝑟 [𝑤𝑒 𝑐𝑎𝑛 𝑑𝑖𝑣𝑖𝑑𝑒 𝑏𝑦 (𝛾 − 𝛽) ∵ 𝛾 > 𝛽] 

This gives us the exact same outcome as when we used specific values for the prison sentence. 

This logically makes sense for a single round of the prisoner’s dilemma. By betraying our partner 

(though this is not a very ethical choice), the possible sentences we could receive are 𝛽 and 𝛾 

years (0 and 3 years) whereas by co-operating with our partner, the possible sentences we could 

receive are 𝛼 and 𝛿 years (1 and 5 years) – we are essentially minimising our own prison sentence, 

selfishly. Furthermore, if we expect our partner to have the same selfish thoughts, then they are also 

most likely to betray us in which case our best choice is still to betray them. 

This result is an example of a Nash Equilibrium in which betraying your partner leads to a better or 

equal outcome and so if you individually tried to change your decision from betraying to co-operating, 

you wouldn’t get a better result. 

5 The Iterated Prisoner’s Dilemma 

Let’s say that, suddenly, the prisoners can magically go back in time and change their 

decisions, each knowing what decision the other prisoner made previously. But this repeated 

round of the prisoner’s dilemma gets added to their original prison sentence. What is the best 

strategy now, knowing that they will have to face their partner again in another round of the 

prisoner’s dilemma? 

Essentially, the addition of more rounds helps the prisoners gain a better insight into who their 

partner is and allows an element of communication. Intuition tells us that it is better for us to co-

operate with our partner initially in the first round so that they can create mutual trust in any 

upcoming rounds. 

Let’s try and explain this through our probabilities which are 𝑞 for us and 𝑟 for the other agent for 

co-operation. Say we decide to betray our partner on the first round. This means that in the next 

round, our partner is going to have less trust in us so the probability of them betraying us 

increases (i.e., (1 − 𝑟) increases) so 𝑟 decreases. This means that in future rounds, they are less 

likely to co-operate with us. However, if we do the opposite and co-operate, they trust us more 

and so the probability of them co-operating with us increases and therefore 𝑟 increases. This 

means that you both receive prison sentences of 𝛼-years (1 year) for the first round rather than 

receiving an unequal number of years and regretting it in upcoming rounds. 

Therefore, while betrayal is optimal in a single round, cooperation can be seen as a more effective 

long-term strategy in repeated interaction. 

 

 



 

5 
 

6 Maths, Ethics and Psychology 

However, the strategies I have mentioned above highlight the question: when harmful 

outcomes could occur, do we prioritise our own selfish needs over being moral? 

The overlay between Maths, Ethics and Psychology help understand how to approach this 

question. For example, say we wanted to reach an equilibrium within the question in which we 

equally prioritised our own desires whilst remaining ethical. In a single round of the prisoner’s 

dilemma, this can be achieved by setting our expected values equal (𝐸[𝑨] = 𝐸[𝑩]) so that both 

agents receive the same prison sentence. This would tell us, mathematically, that 𝑞 = 𝑟 which says 

that the probability that we co-operate with them is the same as the probability of them co-

operating with us. Therefore, the equilibrium is reached when both agents either co-operate with 

each other or both betray each other. But this equilibrium relies on the ability of one agent to 

predict the other agent’s decision. Thus, in a situation like this, the optimal result could be 

achieved by understanding the statistics and behaviour of your partner. 

7 Conclusion 

To summarise, the prisoner’s dilemma teaches us that in a single round, where you will 

never see your partner again, the best choice you can make for yourself is to betray them. In 

multiple rounds of the prisoner’s dilemma, the best choice is to co-operate with them to foster 

mutual trust. 

Ultimately, the Prisoner’s Dilemma demonstrates how mathematical modelling can be used to 

analyse decision-making under uncertainty. It shows the versatility and vastness of maths as it 

can be applied in such seemingly foreign subjects. Thank you for reading this essay and I hoped 

you have enjoyed it. 
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