Chaos Theory: Simple Rules, Complex Worlds

Chaos theory: a theory that studies systems where the rules are simple, yet the outcomes
are unpredictable and vulnerably sensitive to minute changes. This concept is often referred
to as ‘sensitive dependence on initial conditions’, the staple of chaos.

The Butterfly Effect

This idea is linked to the weather scientist Edward Lorenz due to his discovery that small
differences in the starting conditions of data, e.g., slightly rounding a number, can lead to
predicting stark, long-term outcomes. Lorenz referred to this in the quote, “something as
small as the flutter of a butterfly's wing can ultimately cause a typhoon halfway around the
world”. You may see this as a philosophical, poetic exaggeration, although it proceeds to
reflect true mathematical behaviour.

Edward Lorenz was an American meteorologist who advanced weather prediction in the
1960s. During this period, he used early computers to construct weather systems, pondering
the concept of chaos when rounding numbers. Lorenz repeated a simulation in which he
rounded the value 0.506127 to 0.506. This small alteration caused a major divergence from
the original prediction, resulting in an ambiguity around the now-known nature of chaos.

The Lorenz System
Subsequently, Lorenz produced the Lorenz System: three differential equations:

dx/dt = o(y - x), dy/dt = x(p - z) - y, dz/dt = xy - Bz

These are linked to model heat convection, flow in the atmosphere. However, through
inputting the data, a conclusion was reached that the solutions do not construct into a set
pattern but instead behave inconsistently and capriciously. The concept proved the data to
be deterministic, although completely unpredictable due to the world’s chaotic nature. These
three equations form what is known as the Lorenz Attractor. A graph is produced as a result
of the attractor, in which each point (x, y, z) represents the current nature of the system in
that very moment. As the time periods elapse, the point progresses, tracing an unknown
path - a trajectory - carving into the shape of a butterfly consisting of spirals compacted
together, endlessly looping between one wing and the other, with each wing representing a
distinct region of the system’s inherent behaviour. The motion consists of spiralling a wing
before moving outward. It is then viewed to suddenly jump to the other wing before
continuing the endless loop; a constant act of stretching due to the growth of errors before
folding back in, due to the bounded constraints, keeping the system grounded. However, this
sudden switching is seen to be irregular, unable to predict its sudden changes. The Lorenz
Attractor links to Chaos Theory through showing major characteristics: Deterministic rules,
absence of repetition and the previously discussed sensitive dependence. The term
‘attractor’ is constructed by the name given to an origin or something that the system tends
to as time progresses. No matter where you begin, assuming you remain within a range, the
trajectory will not cascade off into infinity, nor will it settle without constant, consistent
movement while always staying within the butterfly arc and shape.



The attractor displays a profound assumption that, even though the system encapsulates an
unpredictable nature, it may not be random, but rather exhibit an underlying structure. Being
random has no structure, yet chaos hides its structure through its performative madness. It
can be described as having a fractal structure, a nature that only causes more destruction.
The system grasps infinite detail, yet it requires infinite precision to perfectly predict the true
outcome.

The Logistic Map

While Lorenz produced the discovery of chaos within weather systems, similar unpredictable
results can arise from much simpler, standard mathematical models. The Lorenz system
consists of the three differential equations, while the Logistic map only uses one simple
equation; yet, both produce chaos. The logistic map can be viewed as a population model:

Ln+1 = ’I‘J}n(l - wn)

Xn is the population at step n scaled between 0 and 1. r is the growth rate parameter, and
the term 1-Xn represents the limiting factor, usually competition or resources.

Behaviour shifts as r increases:

When 0<r<1, the population dies out and returns to zero. When 1<r<3 the population
remains stable at a fixed value. At about r=3, the line splits into two separate branches. A
period of doubling occurs when 3<r<3.57 as the model oscillates between two values, 4,
then 8...a period-doubling route to chaos. However, when r>3.57, the system develops a
chaotic nature, producing a dense cloud of points, concluding progression with no definite
repeating pattern as tiny differences in the procedure exponentially grow.

In the chaotic region, two starting values such as x = 0.500 or x = 0.501 quickly begin to
differentiate, proving that in both cases the model relies on sensitive dependence on initial
conditions. This key insight conveys how the logistic map is deterministic, yet it still produces
unpredictable outcomes. A theme that: complexity and chaos do not require complex
systems.

Long-term Prediction Failure

In theory, weather should work due to it being governed and constricted by physical laws:
fluid dynamics, thermodynamics and pressure and temperature equations. Just like Lorenz’s
equations, this system is deterministic. The principle shows that if we could determine the
starting conditions, we could consistently predict the unforeseeable future perfectly. The real
problem lies within sensitive dependence, the core of chaos. A temperature may be
0.0001°C off the true value or a wind reading 0.01m/s off its own, yet these negligible
arrangements double, then double again and quickly progress into huge uncertainties. This
is due to the idea that when submerged in a chaotic system, errors do not grow linearly; they
grow exponentially, constantly diverging from the next assumption, randomly adapting to
chaotic environments. Therefore, during a short period, results remain accurate, while over a
longer time period, results may vary into a completely incorrect prediction.



In conclusion, chaos theory sculpts a new direction in which we need to think about the
concept of prediction. Deterministic systems don't always equal predictable systems. The
idea that the same behaviour appears in both weather systems and advanced mathematical
models suggests that chaos may be a general feature of nature. Chaos strives to be a
concept that demonstrates humanity’s limit of our own knowledge, proving that the superior
universe may follow rules, yet it still remains unpredictable. In the conclusion of
mathematics, data can be seen as an obstacle restricting humans from major advancement
into the prediction of the future; however, chaos can be seen as a strength, forcing infinite
progression into the need for immense detail and unwavering precision. Chaos is not the
absence of order, but rather the presence of an intricate structure beyond prediction.



