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1 Introduction

The simple pendulum is a canonical system in classical mechanics, yet its exact
analysis reveals behaviour that lies beyond elementary methods. While small
oscillations are well described by simple harmonic motion, with solutions ex-
pressed in terms of trigonometric functions, the full nonlinear equation

é—l—%sinH:O

admits no solution in elementary form.

Instead, integrating the equations of motion leads naturally to elliptic in-
tegrals. These same integrals arise independently in classical geometry, most
notably in the computation of the arc length of an ellipse, indicating that they
capture a common underlying structure shared by seemingly distinct problems.

This essay develops the connection between nonlinear pendulum motion and
elliptic integrals, before examining their analytical and computational proper-
ties. In particular, the arithmetic-geometric mean provides an efficient method
for their evaluation, while Jacobi elliptic functions emerge as natural generali-
sations of trigonometric functions adapted to nonlinear systems.



2 The Pendulum

The simple pendulum is a fundamental model in classical mechanics, consisting
of a point mass suspended from a fixed point by a rigid, massless rod under
the influence of gravity. Despite its apparent simplicity, it exhibits qualitatively
different behaviour depending on the amplitude of oscillation.
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Pendulum of length 1, bob mass m and displacement 6

Consider the height of the pendulum above the lowest point of the pendu-
lum’s swing;:
h=1—1lcosf = Il(1 — cosb)

Gravitational potential energy is given as:
GPE = mgh = mgl(1 — cos0)

and the kinetic energy of the pendulum mass:

KE = %leéQ

And if released from rest at an initial displacement 6, conservation of mechan-
ical energy gives:

%letﬁ"2 + mgl(l — cos 9) = mgl(l — cos 90).
divide through by ml
%léQ + g(l — cos@) = g(l — COSGO).

subtract g(1 — cosf) and simplify

%lé2 =g(1 —cosfy) — g(1 — cosh).

%ZQZ = g(cos@ — cos 90)



6% = 279 (0059 — cos 00)

Now differentiate both sides with respect to time:

2g .

200 = 7 (—sind)o

After some simplification:
6+ %sinﬁ =0

For small angular displacements, sinf = 6, so for an approximate solution for
small amplitudes: we start by considering:

é+%9:0

Assume a solution in the form: 0(t) = e"*
substituting this into our differential equation:

e"t(r? + %) =0

This gives the characteristic equation:

Solving for r gives

Hence the general solution is
0(t) = AeVEt 4 BeiVEE,
Apply the initial conditions

0(0) =6y, 6(0) =0.

From 60(0):

0o =A+ B.
Differentiate:

o(t) = i\/aAei\/?t - i\/gﬁBe*i\/%»t.
From 6(0) = 0:
0=iygl(A-—B) = A=B.

Hence 9

A=B=".

2



So
o(t) = % (eiﬁt + e‘iﬁt> .

Using _ _
el:l) _|_ e*’LI

2

0(t) = 6o cos(ﬁt).

This approximate solution is elementary and admits a simple closed form in
terms of trigonometric functions.

In the exact regime, the dynamics are no longer described by elementary
functions. Instead, analysing the motion leads naturally to a new class of special
functions, the elliptic integrals. Now consider the previous:

= COST

‘We obtain

6% = 279 (0039 — cos 90)

isolating 0

de 2g
== :I:\/l(cosﬁ — costp)

and then a separation of variables and integrating both sides:

do
/—:/i,/@dt
v/ cos B — cos 6 l

Trigonometric identity. Using the half-angle formula

0
cosf =1 —2sin2(2> ,

and similarly for 6y, we obtain

0 0 0 0
cos —cosfp = (1—2sin®(5)) — (17281112(—0)) =2 (sin?( 2 ) —sin?( =) ).
2 2 2 2
Substitute into the integral:
db

/ \/2 (siHQ(%‘)) — sin2(g)) '

Factor out sinz(%"):

db

sin2(4)
) (1 n sinz(ez))>

Ll

/wz
2 sin”(



Let

k= sin(eo) .
2
/ do
fk / qln2 9/2)
sin(i) = ksin ¢.

;cos(§> dd =kcosgpdp = db =

Then

Substitution. Let

Differentiate:

2k cos ¢

cos(6/2) d¢-

2

Using cos?z = 1 — sin® z, we get

cos(a) =4/1 — sin? (9) =1/1—k2sin® ¢.
2 2

Substitute into the integral:
2k cos ¢

do /
/\/ikz /1_Sin2k(29/2) V2 /1 — k2 sin? /1 — sin®

Simplify:
_ 2 / 4
1 — k2sin? ¢
Thus the integral reduces to

/\/cosa—_—coseo = V2F(9.k),

Re-substituting our values for ¢ and k

= ﬁF(arcsin(ssiinn((ei//z))) ’ 8111(920)> .

d¢
= [ %%
) / 1 — k2sin? ¢

is the elliptic integral of the first kind.
Now we can solve for 0(t) from the reduced form,

F(¢,k):iﬁt+c.

where



Apply 6(0) = 6y, and since
sing =ksing, k= sin@,
2 2
we have sin ¢(0) = 1, hence ¢(0) = 7, giving
T
C = F(gk) = K(k),

where K (k) is the complete elliptic integral of the first kind, i.e.

K(k) = F(%k) .
Thus
Fo,k) = K(k) + %t.

Choose the negative branch (as 8 < 0 for t > 0):

Fo,k) = K(k) — %t.

The inverse of the elliptic integral of the first kind defines the Jacobi ampli-
tude:
¢ =am(u, k) where u=F(¢,k).

o(t) = am (K(k;) - \/gt, k) .

The Jacobi elliptic sine function is defined by

Thus

sn(u, k) = sin (am(u, k)).

Hence

Sm@ = k sino(t) = ksn(K(k) - %t, k) .

Therefore

0(t) =2 arcsin[ksn(K(k) — \/gt’ kﬂ , k= sin%.

The pendulum therefore provides a canonical example of how nonlinear systems
in classical mechanics lead beyond elementary analysis into richer mathematical
structures.

Furthermore, we can solve for the period of the pendulum, the time it takes
for it to return to its initial displacement: Start from the implicit solution

F(o, k) = K(k) — \/gt, sing — ksing, k= sin%o.



At t=0,0=100,50 ¢ = 3.

We now find the first time ¢; > 0 such that 0(¢;

~—

= p. This requires

sing(t1) =1 = ¢(t1) =

2|

From the periodic structure of the elliptic integral, the next occurrence cor-
responds to
F(p(t1), k) = K(k) — 2K (k) = —K(k).

K(k) — \/gtl = —K(k),
g, _ e
\/;tl =2K(k), t; = 2\/;K(k).

This is the time to return to the same angular displacement with opposite
velocity (half an oscillation). Therefore the full period is

T =2t :4\/ZK(I<:).
g
T:4\/ZK(sin90>
g 2

Hence

SO



3 Gauss’ Arithmetic-Geometric Mean and K (k)

Gauss’ investigation of elliptic integrals of the first kind led to a striking and
unexpected algebraic structure: he observed that certain transformations leave
the value of the integral invariant, while systematically simplifying its parame-
ters. This insight culminated in the arithmetic-geometric mean (AGM) itera-
tion, in which two sequences converge rapidly to a common limit, encoding the
value of the integral itself. The result is not merely theoretical elegance but
computational power: the AGM provides an exceptionally fast method for eval-
uating elliptic integrals, and, by extension, constants such as 7, with quadratic
convergence. In this way, Gauss revealed a hidden unity between analysis and
arithmetic—an instance where a seemingly intractable integral yields to a quiet,
almost surgical iteration, exposing order beneath complexity.

We begin with the Legendre form of the complete elliptic integral of the first

kind: .
z do
K(k) = /2 —_—
0 1—k2sin?6
Let
b=+v1-—k2.
Then
1 — k%sin? 0 = cos? 0 + b%sin? 0,
so define .
I(a, b) = /2 40 )
0 \/@2 cos? 6 + b2 sin? 0
with

K(k)=1I(1,b).
/2
I(a,b):/ d .
0 VaZcos20 + b2sin? 0
Let x = btanf. Then

b 9 b? . 9 x?
d@zmdl‘, COS ezm, Sin Hzm
Hence 2b2 b2 2 bQ( 2 2)
2 9 2.9, @ + 0°x . e+ a
a®cos” 0 + b*sin“ 6 = Prr 2
So
b2 2
\/a2c0829+b2sin20: ﬂ.
Va? 4 b
Therefore
I(ab)—/oozzibzdx_ > dz
A bvzZtaZ 2 2Y( -2 2\
o e Joo /(@ +a?)(a? +17)



SO

SO

SO

Let

x=t+Vt2+ ab.
Then
dj_1+ t V2 tab+t x
dt V2 +ab V2 + ab VEZ fab’
x
dr = ————dt
V2 +ab

Compute z2:

22 = (t+ V12 + ab)? = 2t> + ab + 2t\/t2 + ab.

Let

A =22 + ab+ 2t\/t2 + ab.

Then
2 +a?=A+d? 22+ 0% = A+ 12
(22 4+ a®)(2? +b%) = (A +a®)(A+ V%) = A% + (a® + b)) A + a®V?.

Now compute A2:

A% = (2t% + ab)? + 412 (t* + ab) + 4t(2t* + ab)\/t2 + ab.

Expand:
(22 + ab)? = 4t* + dabt* + a*b?,
482 (1% 4 ab) = 4t* + dabt>.
Hence
A? = 8t* + 8abt® + ab® + 4t(2t* 4 ab) V12 + ab.
Next,

(a® + b*)A = (a® + b?)(2t* + ab) + 2t(a® + b*) /2 + ab.
Combine all terms:
(2 + a®) (2 +b*) = 8t* 4 (2a% + 8ab + 20*)t* + 2a°V?

+2t(46* + a® + 2ab + b*) /2 + ab.

Note
a® 4 2ab+b* = (a +b)?,

4t2+(a+b)2:4<t2+ (a;rbf).
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Thus
(2% + a?)(z® + b%) = 8t* + (2a® + 8ab + 2b%)t* + 24%b?
a+b\?
+8t <t2 + (2) ) V12 + ab.

Now factor:

2
(2 +a®)(2® + %) = 4 <t2 + (a;rb> ) (2t2 +ab 4 20\/12 +ab>.

But

2t2 + ab + 2t\/t2 + ab = 22,

(22 + a?) (22 + b?) = 4a? <t2 + (” 5 b)2> .

Taking square roots:

2
V(@2 + a?) (22 + b2) = 224/ 12 + (a;—b) :

Substitute into the integral:

= / dx _ / \/t2+ab
V(@2 + a?) (22 + b?) 2w /12 + (a—Q&-b

SO

_|_

Cancel z:
dt

1:/ .
W T aby/12 + (%£2)°

Limits: as ¢ : 0 — o0, t : —oo — co. Hence

e dt
- /Jxv 2\/(t2 +ab) (2 + (24)*) |

By even symmetry:

o dt
b) = :
/O \/(t2+ab) (t2+ (“T“’)Q)

but note that t is just a "dummy” integration variable, it follows that:

[ dx .
"o /0 \/(mQ + ab) (Jc2 + (‘ITH’)Q)
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recalling our previous expression for I(a,b):

° dx
Ia,b) = /0 J@E D) L)

By comparing the two integrals, it becomes evident that

Ia,b) = 1222, Vap)

2
we now define the sequences:
n bn
Ap+1 = iabn—o—l == anbn
2
so we have
I(a, b) = I(al, bl) = I(ag, bg) =..= I((ln, bn)

Limit. Since a,,b, — AGM (ag,by), we consider

I(an,b )_/72‘ d
0 \/aELCOSQH—l—b%SinQH

note that AGM (x,y) refers to the arithmetic-geometric mean of x and y
For each fixed 6,

a2 cos® 0 4 b2 sin® @ — AGM? sin? § + AGM? cos® = AGM?,

so the integrand converges pointwise to 1/AGM.
Moreover, since a,, b, > 0 and bounded below,

1 1
< — ;
\/a% cos? 0 + b2 sin? 0 min(an, bn)

so the integrand is uniformly bounded. Hence, by dominated convergence,

™

. 2 do T
A 1(an;ba) = /0 AGM ~ 2AGM"

Thus r
I b)) = ——————.
(GO) 0) 2AGM(Q0, bo)
Conclusion.
Since
K(k)=1I(1,V1—k?),
we obtain

™

K(k) = 2AGM(1, VI - k%)
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linking this back to the period of the pendulum, recalling

T = 4\/?K(sin00>
g 2

using our new expression for K(k), we get the extraordinary result:

T_9 £+@
9 AGM(1,cos F)
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4 Closing remarks

The arithmetic—geometric mean transformation is remarkable both for its con-
ceptual simplicity and its computational power. Starting from a seemingly in-
tractable integral involving nested radicals, a carefully chosen sequence of sub-
stitutions reveals an unexpected invariance under the map

(a,b) = (a;b,\/@,

reducing the problem to the study of a pair of elementary iterative sequences.

What is striking is not merely that the transformation simplifies the inte-
gral, but that it does so iteratively: each step replaces the original parameters
with ones that are closer together, while preserving the value of the integral.
This process rapidly drives the pair (ay,,b,) to their common limit, the arith-
metic-geometric mean. The difficulty is not eliminated in a single step, but
gently and systematically dismantled.

Moreover, the convergence is quadratic. Writing d,, = a,, — b,,, one finds

2
n

4a,,’

dn+1 ~

so the number of correct digits roughly doubles at each iteration. What ini-
tially presents itself as an analytical obstacle is thus converted into a method
of exceptional efficiency: accuracy compounds faster than intuition might first
suggest.

At the same time, the transformation does not exist in isolation. The very
same integral arises naturally in geometric and mechanical settings, such as the
arc length of an ellipse and the period of a finite-amplitude pendulum. These
are not artificial constructions but fundamental problems, and yet they lead
directly to the same underlying structure. The AGM does not impose order
upon them; rather, it reveals the order that was already there.

In this way, the AGM provides a bridge between analysis, geometry, and
computation. A problem originating in measurement or motion is not merely
solved, but reinterpreted as a rapidly convergent algorithm. The transformation
shows that what appears complicated may in fact be highly structured, provided
one looks at it from the right angle.

It is this synthesis that gives the AGM transformation its particular appeal.
What begins as a problem in integration culminates in a method of striking
efficiency, while simultaneously exposing a deep unity between seemingly dis-
parate areas of mathematics. Simplicity, in this context, is not the absence of
complexity, but its resolution.
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