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1. Introduction

Can mathematics prove every truth? In the early 20th century, David Hilbert attempted
to do so through Hilbert’s Program, a project that sought to establish a consistent founda-
tion for all of mathematics. Hilbert believed that mathematics could be reduced to a formal
system of symbols and rules, where every true statement could be derived through logical
manipulation. In this view, proofs were not based on intuition or abstract observations,
but rather precise procedures on mathematical objects.

However, this perspective was fundamentally challenged in 1931 when Kurt Gödel pub-
lished On Formally Undecidable Propositions of Principia Mathematica And Related Sys-
tems. In this work, he proved that in any sufficiently powerful formal system, there are true
statements that cannot be proven using the system itself. This result, known as Gödel’s
Incompleteness Theorems, showed that Hilbert’s goal was completely unattainable. Rather
than being a closed system, mathematics is inherently limited, with truths that always lie
beyond formal proof. These results not only reshaped the field of mathematics but also
had lasting consequences for philosophy and computer science.

2. Background Info

2.1. Formal Systems

While formal reasoning had been previously used, Hilbert gave it its current structure,
defining a formal system to be comprised of three parts: the language (a set of symbols),
axioms (a collection of starting statements), and rules of inference (precise rules for ma-
nipulating those symbols). For example, basic arithmetic can be seen as a formal system.
In this, simple truths like 1 + 1 = 2 are taken as axioms while more complex results are
derived through logical steps.

To prove something to be true in a formal system requires starting from the axioms
and applying the rules of inference step by step until you arrive at your desired statement.
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Such a system is consistent if it never produces a contradiction, which is when both a
statement and its opposite can be proven true. It is complete if every statement that is
true within the system can be proven using its own rules.

Hilbert’s Program aimed to show that all of mathematics could be built upon a formal
system that was both consistent and complete. In doing so, he aimed to create a foun-
dation for mathematics where any mathematical truth could be formally derived with no
ambiguity.

3. Theorems

In Gödel’s paper, he produced two key theorems that reshaped how we understand
formal systems.

3.1. First Theorem

Gödel’s First Incompleteness Theorem stated that in any consistent system powerful
enough to express basic arithmetic, there are statements that, while true, cannot be
proven by the system itself. He did this by constructing a self-referential statement that
said ”This statement cannot be proven.”

If the system were able to produce such a statement, it would create a contradiction,
as the statement claims to be unprovable. So, assuming the system is consistent (meaning
it has no contradictions), it cannot prove such a statement. This would mean the system
must contain truths that lie beyond its own rules of proof. In other words, completeness
is impossible for such systems.

3.2. Second Theorem

Gödel then went even further, proving that any system strong enough to include arith-
metic is unable to prove its own consistency. This means that a system cannot
internally guarantee its own consistency. You would have to step outside the system and
use a stronger one in order to do so.

Together, these theorems showed that Hilbert’s goal of a completely self-justifying
foundation for mathematics could not be achieved.

4. Key Ideas Behind the Proof

4.1. Gödel Numbering

Gödel’s first crucial idea was to translate the symbols and statements of a formal system
into numbers: each basic symbol(”+”, ”-”, ”x”, ”y”, etc.) is assigned to a unique number,
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and statements and phrases are encoded as larger numbers built from these pieces. This
process is known as Gödel Numbering.

This allows for mathematics to ”talk about” its own statements using arithmetic. In-
stead of reasoning using symbols directly, the system can reason using the numbers that
represent them. This allows for questions like ”Is this statement provable?” to be rephrased
as numeric properties of these translated statements. Importantly, by turning syntax into
arithmetic, the system doesn’t have to be looked at from the perspective of abstract logi-
cal manipulation, but instead through ordinary number theory. This shift, from reasoning
about symbols to reasoning about numbers, is what makes the rest of Gödel’s logic possible.

4.2. Self-Reference

Once statements can be encoded as numbers, Gödel uses this to construct a statement
that indirectly refers to itself. Instead of explicitly saying ”this statement,” it encodes a
number that corresponds to its own statement and makes a claim about that number.

So, instead of the statement described in the section about Gödel’s First Theorem,
Gödel effectively creates a statement saying ”The statement with this Gödel Number is
not provable.” Since this number corresponds to the statement itself, it is really saying ”I
am not provable.”

The key difference in Gödel’s construction is that it allows itself to be grounded in
arithmetic rather than vague language. By embedding self-reference into a formal system,
he shows that statements can encode claims about their own provability without falling
into paradoxes.

4.3. The Contradiction Structure

The final step in Gödel’s proof is analyzing what happens with this self-referential
statement. Recall that the statement effectively states: “This statement is not provable.”
From here, the argument splits into two possible cases.

First, suppose that the statement is provable within the system. If this were true, then
the system would have successfully proven a statement that claims it cannot be proven.
This would mean the system has derived a false statement, creating a contradiction. Since
we have assumed the system is consistent (it cannot produce contradictions), this case
must be impossible.

Second, suppose that the statement is not provable. In this case, what the statement
claims is actually correct; it says it is not provable, and indeed it is not. Therefore, the
statement is true, even though it cannot be proven within the system.

This creates an important conclusion: there exists a statement that is true but unprov-
able. Therefore, the system is incomplete, as there are true statements that cannot be
derived from its axioms and rules of inference.
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5. Mathematical Consequences

Gödel’s results reveal the fundamental limits of formal systems. No matter how
carefully a system is designed, if it is consistent and strong enough to include basic arith-
metic, it will never be able to capture all mathematical truths. There will always be
true statements that lie beyond what the system can prove.

One major consequence of this is undecidability. In such systems, there are state-
ments for which no proofs or disproofs can be written within the system itself. This means
that we cannot always determine whether a statement is true or false. Mathematics is not
a closed structure; it contains inherent limitations.

This idea also connects directly to later developments in the field of computation
and decision problems. Building on Gödel’s work, Alan Turing showed that there are
problems no algorithm can solve, such as the Halting problem (an algorithm determining
whether a program will eventually terminate or run forever). This establishes that the
limits in formal logic also exist in computation.

6. Philosophical Implications

Gödel’s work has had significant philosophical implications, particularly in distin-
guishing truth from proof. Before Gödel’s discoveries, it was tempting to believe that
mathematical truths were simply what could be derived through formal reasoning. Gödel
showed this is not the case: A statement may indeed be true even if there is no proof
for it within a formal system. This suggests that truth is a broader concept than formal
reasoning.

This also has led to important questions about human understanding versus me-
chanical reasoning. Like computers, formal systems operate through fixed rules, yet
Gödel’s results suggest that humans can recognize truths that these systems cannot. So,
it is unclear whether human reasoning can truly ever be fully captured by mechanical
processes, or if it inherently goes beyond them.

Finally, Gödel’s work touches on the question of whether mathematics is discovered or
invented. If there are true statements that exist without formal proofs, it suggests that
mathematics may describe an objective reality that humans discover rather than create.
On the other hand, formal systems are human constructs, designed to capture parts of this
reality. Gödel’s results thus emphasize the gaps between these systems, suggesting that
mathematics is both a human creation and a field of discovery.

7. Conclusion

Gödel’s work ultimately revealed a fundamental truth about the nature of mathemat-
ics: inherently, there are limits to all formal systems. As he showed, no formal system
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powerful enough to describe arithmetic can explain all truths or fully verify its own con-
sistency.

However, this limitation isn´t necessarily a weakness of mathematics, but a sign of its
depth. The existence of true but unprovable statements suggests that mathematical truth
extends beyond a single framework, leaving significant room for future discovery.

In this sense, Gödel did not break mathematics. Instead, he revealed something deeply
important about it. By showing that truth goes beyond proof, he highlighted that math-
ematics is not purely a mechanical process, but a field that continues to grow and push
boundaries.
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