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4 EULERS FORMULA, ROTATION AND SYM-
METRY

Inspired by 3bluelbrowns very first video of introduction to group
theory via Eulers formula I think that video very much sets the
ground work for the theory of lie groups in fact that very video fea-
tured a lie group which is the group of continuous symmetries of a
circle and a lie algebra which is simply the line 1+4xi where x is real
under a lie bracket and the exponential map as mentioned in the
video acted as a homomorphism between the additive group of real
numbers and the multiplicative group of complex numbers a similar
idea can be used when we consider the lie algebra 1+xi as a additive
group and the exponential map acts as a homomorphism between this
additive group and the rotation symmetry group of a circle and the
complex numbers with absolute value 1 under multiplication every lie
group is a vector space so is a group under vector addition so every
lie algebra is an additive group

Groups have a much more abstract definition but groups are essen-
tially a set describing symmetries of another set a group G acts on
a set A if G is the set of all maps of A that only permute the ele-
ments of A and leave the set the same so the group of symmetries
of a circle by rotation by any angle where the center of rotation is
the center of the circle is called the group action of the set of points
on the circle however one thing we may notice is that if you combine
2 symmetries you get another symmetry so the set of symmetries to
has closure under the operation of combining symmetries also there is
a symmetry of simply doing no change to any element of the set and
this is called the identity symmetry which has the property such that
if you have an element of the group g , A then AI=IA=A where I is
the identity symmetry of doing nothing also if A is a symmetry then
A*S=S so if we apply A — 1)tobothsideswhereAl — 1)A = TwhereA( —
1)isnotnecessarilythemultiplicativeidentityweget(AC — 1)) x A% § = (Al —



1))Ssol+S = (A'—1))SsincelisanidentitysymmetryofthegroupGalltheelementsremainunchangedsoS =
(AU —=1))Ss0A( — 1)isalsoasymmetryofSsoforeveryAinG AL — 1)isinG

5 GROUPS, VECTOR SPACES AND ALEG-
BRAS

a group is defined as an orderd pair (S,*) where S is a set and * is
an operation that combines symmetries which could be addition for
example when looking at translational symmetries of a real number
line as translation in the real number line is described as adding a real
number so if you have translations by 2 real numbers then addition
of the 2 real numbers corresponds to the translation of by the sum
of the 2 real numbers the group satifies 4 axioms being for any a,b in
S a*b is in S (closure) for a,b,c in S (a*b)*c=a*(b*c) (associativity).
There exists I in S such that for every x in S Ix=xI=x (Identity). For
every a in s there exists b in S such that a*b=I. a field F is defined
with the following properties:

(F,+) is an abelian group (abelian meaning the group operation is
commutative over the set)

(F,x) is an abelian group where the identity of (F,+) doesnt equal
the identity of (F,x)

a vector space is an orderd pair of a set V and a field F with the prop-
erty such that (V,+) is an additive group, there exists an operation
called sczlar multiplication denoted by * such that for any b in F b*v
is in V for v in V also let the multiplicative identity of F be 1 then
1*v=v for any a,b in F (a+b)v=av+bv also v(a+b)=va+vb given v
is in V. An alegbra over a field f A is a vector space with field of
scalars F such that there exists a product operation x.y=f(x,y) where



this operation is both left and right distributive and aT.bC=(ab)(TC)
where a b are in fand T C are in A

6 HOMOMORPHISMS AND ISOMORPHISMS

2 groups (A,*) and (B,) are homomorphic if there exists a function f
that maps A to B or B to A such that f(a*b)=f(a)f(b) for a,b in A if
the function maps A to B and f(ab)=f(a)*f(b) for all a b in B if f maps
B to A such a function is called a homomorphism between A and B a
linear map between (V,F) and (V2,F2) is a homomorphism function f
between (V,+) and (V2,+) that has the property f(av)=a*f(v) where
* is scalar multiplication given a is in F v is in V if f maps v to v2
but given a is in f2 v is in v2 if f maps v2 to v. 2 groups (A,*) (B,)
are isomorphic if the homomorphism is a bijective function (maps
elements one to one hence is invertible)

7 KERNALS,QUOTIENT GROUPS AND COSETS

(Since order of multiplication matters you could assume we are talk-

ing about either left or right cosets here and the proof still holds)

If you looked at modular arithmatic you have allready seen cosets,

cosets are essentially classes of elements with something in common

so produces similar results under the group operation for instance in

modular arithmetic we look at objects like [3];2whichis3modulol2andwehaveoperationsbetweentheseco.
[9]12 = [0]12buteacho fthesecosetsrepresentsanentireseto fintegers forinstance|3],2istheset..., —27,—15, —3,
(or(N, +))isagroupandthecosetso fthegroup(whichinthiscasearejusttheelements|1] 2]y etcinagroupGthecos
isanoperationsothatcosets(aH)+(bH) = (ab) Hthekernalo f ahomomorphismf

G— > G2Isawheref(a) = Twherelistheidentityo f G2givenalinearmapf : V1— >

V2wheref(v) = Muthekernalof fistheseto fallvectorsthatgetmappedtotheadditiveidentity(Identityof(V2,+
V1— > V2isjustthekernalo fthehomomorphismf : V1— > V2where(V1,+)(V2, +)aregroupsbyde finitiono f
V1— > V2isahomomorphismbyde finitiono flinearmaps



8 ORDER FROM CHAOS (WHERE ALGE-
BRA MEETS CALCULUS)

Lie groups are all about the idea of continuous symmetry. A lie
group is a group that is also a differentiable manifold a single def-
inition that bridges calculus and algebra. A differentiable manifold
is a set of points which in not rigorous terms is a set of points that
as you zoom in become more closer to a homomorphism of a vec-
tor space allowing differentiation and tangent spaces at each point if
we have differentiable manifolds over C that the tangent space may
be more than 1 dimentional. The formal definition of the deriva-
tive of f at x is given in a similar way as epsilon delta for limits
so for a sequance z0,z1,z2,... where for any given epsilon there is
a delta such that abs(z(delta)-x)jepsilon then f’(x) is a value such
that for every epsilon there is a delta such that abs((f(z(delta+41)-
f(z(delta))/(z(delta+1)-z(delta));epsilon this value may or may not
exist. Continous symmetries such as the rotational group of a circle
seem to have order wheras some objects which have a discrete set of
symmetries have more chaos like a clock modulo N where there is less
continuity between the symmetries but as turns out with objects like
the e8 lattice that continous symmetries are the key to uncovering
ideas in discrete mathematics

9 CONTINOUS SYMMETRIES AND EXPO-
NENTIAL MAP

we can define exp(x) at the value of g(t) when t=1 where g(t)=exp(xt)
this definition allows us to think of the process of exponentiation
rather than how points under the image of an exponential map relate
to their neighboorhood points just by doing a seemingly not expected
move that doesnt seem to do much. Exp is a homomorhpism between
(A,+) and (exp(A),x) where exp(A) is the set of all elements of A after
applying exponentiation to each element. (d/dt)*g(t)=d/dt*exp(xt)=x*d/dt*exp(xt)
so in dynamics terms we have a vector moving around a geodesic with
velocity equal to x times the total displacement which changes with x



hence cauing a geodesic curve path. However as you notice we need
some kind of innitial condition which is g(0)=1 so we can immedi-
atly get the exponential at 0. If you have a additive group which
is the tangent space to exp(A) at 1 (the identity of (exp(A),x)) so
the intersection between exp(A) and the tangent space is 1 then the
preimage of the exponential map (input set) is this additive group
generally speaking so (A,+) is an additive group which is also the
tangent space of (exp(A),x) however A is also a vector space using
properties of exponentiation (proof left as an exercise to reader)

10 TANGENT SPACE AND CR EQUATIONS

The tangent space of a differentiable manifold S at x is the set of all
possible values of f’(x) where f maps R to a 1d differentiable manifold
subset of S. For a differential function over R g:R-;R you may think
that the tangent space of D where D=(x,g(x)) for x in R at a point is
just the derivative of the function at the point but you have to con-
sider the fact that g’(kt) where k is real are all functions that map the
real numbers to the points on D and g’(kt)=k*g’(kt) which are all pos-
sible scalar multiples of g(kt) with field of scalars R so even for a 1 di-
mensional differential manifold the tangent space isn’t just the deriva-
tive of the function at that point but rather an entire vector space line.
For complex functions we describe the derivative of the function at a
point using a jacobean matrix and the cauchy rieman equations which
gives the tangent space vector space a corresponding matrix which
maps R2tothattangentspacethesematriciesareusedtoderivethecauchyriemanequations forcomplexdif feren:

LIE ALGEBRAS AND THE LIE BRACKET

A lie algebra is defined as an algebra where the product operation is

a lie bracket [x,y] which satisfies certain axioms including the jacobi

identity where [x,[y,z]]+[y,[x,z]]+[z,[%,y]] [X,y¥] is often represented as

ad, (y)andthemotivator formakingliealgebrashavetosatis fythisidentityisthatwewantadia, b](x) =

[ad, (), ady(z)]sothattheadjoint functionpreservestheliebracketandthiscanbeusedtoshowthejacobiidentityals
1whereghareinG foragroupGand(wontbementionedheresorryduetotimepressure)congugationintheliegroupe

11 MODULAR FORMS

brief mention here that modular forms are function in simple terms
invariant under symmetries (az+b)/(cz+d) where abcd are integers
(oversimplified) and it turns out that these functions form a group
under composition and for automophic forms this group is lie also



the coefficents of fourier series of modular forms have connections to
both the theory of finite groups and number theory



