How Mathematics Turn Sound into idea? The Mathematics of Fourier Transform.

1. Introduction

Imagine you are standing in the middle of a bustling coffee shop. You can hear the hiss of the
espresso machine, the hum of the refrigerator, the clatter of ceramic mugs, the bass heavy
background music, and the voice of the person sitting right across from you. Your ears are being
bombarded by air pressure changes, all blending together into a single chaotic wave of sound
entering your ear. Yet, effortlessly, your brain isolates your friend’s voice from all the other
sounds. You understand their words, you process the ideas they are sharing, and you filter out
all the other sounds entirely.

How does your brain do this? it performs a biological version of one of the most profound
mathematical operations ever discovered: the Fourier transform.

The Fourier transform is a mathematical translator. It takes complex, messy signal and breaks it
apart into its simplest ingredients. Named after the French mathematician Jean Baptiste Joseph
Fourier, who originally developed the underlying theory in the early 18s to study the flow of
heat, this tool has since become the absolute foundation of modern digital technology. From the
way your smartphone streams music to the way medical MRI machines generates images.

2. The nature of a signal

Before understanding the machine, we have to understand the raw material we are feeding
into. In the context of the Fourier trans form, this raw material is called a “signal.”

But what is a signal? a signal is just a record of how something changes over time. When you
pick the string of a guitar, the string vibrates back and forth. As it moves, it pumps into the air
molecules around it, pushing them together and pulling them apart. This creates a wave of
changing air pressure that travels outward at the speed of sound. when this wave reaches your
ear, it pushes and pulls one your ear drum, and your brain interprets physical pushing and
pulling as “music.”
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The horizontal axis represents time. The vertical axis represents the air pressure in the guitar
case. The squiggly line is a mathematical function over time, written as f(x).

This concept goes far beyond sound. Consider electricity traveling through a wire. An electrical
signal is simply a record of a varying voltage over time. If you speak into a microphone, the
microphone’s job is to translate the mechanical vibrations into an identical, changing squiggle of
electrical voltage. The exact same mathematical function f{x) that describes the air pressure
now describes the electricity.



Almost anything in universe that changes can be thought of as a signal. The fluctuating price of a
stock is a signal. The electrical impulses of someone’s heart recorded on a EKG machine is a
signal.

However when you look at the graph of a complex signal. For example, a recording of someone
speaking is a complex signal. It is chaotic and unpredictable range of ink. By just looking at the
squiggly line, it is nearly impossible to figure out what information is actually there. This is a
problem that the Fourier transform was built to solve.
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3. Breaking signals into waves

If a complex signal is chaotic mess, how do we make sense out of it? The brilliant insight of
Joseph Fourier was recognizing that no matter how messy or choaric a signal looks, it can always
be broken down into a combination of perfect and predictable sine waves.

A sine wave is the purest form of oscillaion in the universe. If you tie a pen into a swinging
pendulum and pull a piece of paper beneath it at a constant speed, the pen will draw a perfect
sine wave.

Mathematcally, we describe this as:

y(x) = Asin(2nft + @)

Where A is the Amplitude (the height of the wave), fis the frequency ( how many times it
wiggles per second), and @ is the phase (where the wave starts in its cycle).

If a violinist plays a perfect note, they are creating a wave that ocillates 440 times per second
(440HZ). This pure frequency is the atom of sound. Fourier’s grand theorem states that



absolutely any signal, no matter how complicated, is simply a bunch of these pure atoms added
togther.

Consider a complex fruit smoothie. You take a sip and taste a blend of flavos. If a friend asks you
exactly how many grams of strawberry, how many grams of kiwi, and how many grams of
mango in it, you would find it impossible to answer. The ingredients have been mixed togther
into a single, unified liquid. Once something is mixed, unmixing is impossible.

This is exactly what happens when you listen to a musical chord. If a pianist presses three keys
at the same time, the piano strings generate three distinct sine waves. But by the time those
waves reach your ear, they have physically added together in the air to create one single, highly
complicated sound wave.

Mathematically, looks like this:

f(x) = sin(2m x 261t) + sin(2w X 392t)

The Fourier transform is mathematical splitting machine.

4. The Geometric Intuition: Winding the wave

How does this mathmatical splitting machine perform this magic? We can visulaize this process
by “wrapping it up” around a central point.
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Imagine taking the messy, squiggly line of your signal and wrapping it around a circle, like a
piece of wire. As you wrap the wave, you must choose a winding frequency. If you wrap it at a
speed of 2 wraps per second, the peaks and the valleys of the wave will land in various places
around the circle. Because they are scatterd evenly, the overall center of mass of the shape
stays exactly at the center of the circle.

However, a dramatic shift occurs when your winding speed exactly matches one of the hidden
frequencies inside the signal. Suppose there is a pure three beats per second sine wave hiding in
the mix, and you wrap the graph at exactly three wraps per second.

Suddenly, a mathematical response occurs. Because the wrapping speed matches the
frequency, every single peak of that hidden wave lands on the same side of the cirlce, and every
single valley lands on the opposite side. The shape becomes lopsided. the center of mass shifts
dramatically away from the center point.

The mathematical equaton for the continous Fourier transform captures this exact geomtric
winding:



Fourier transform

f() = /Oo f(z) e ™% dg. (Eq.1)

In this equation, f{x) is our messy signal. The term e ~2™% is the mathematical engine that does
the “wrapping” at a specific frequency €. The integral sign is simply a way of adding the entire
shape to find that shifitng cnter of mass. When the center of mass spikes, the Fourier transform
registeres a “hit,” proving that specific sine wave ingredient is present
5. Time and frequency
This brings us to one of the most important conceptual shifts in all engineering: multiple
domains.

In daily life, we loot at the world through the time domain. The time domain answers the
guestion: What does the signal look like at the time passes?when you see a waveform
jumping up and down on a recording app, you are looking at a moment by moment
chronological log. However, looking at a complex signal in the time domin is often like
looking at the static on television. You know something is happening, but you can’t see the
picture.

The Fourier transform allows us to view that exact same signal from the frequency domain.
The frequency domain answers a different question: what is this signal made of? instead of
a graph showing Time on the x-axis, we get a graph showing frequency.

For instance, looking at a symphony provides a great comparsion. Time domain is the raw
audio recording, complex track of everyone playing together. It tells you the air pressure,
but it does not tell you the music. The frequency domain is completely the opposite. it
shows us an organized list of every instrument, what note they are playing, and how loudly
they are.

These two domains are not two different things, but rather they are two mathematically
equvalent descriptions of the exact same thing, just viewed from different angles. Similar to
looking at a cylinder from different sides.
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6.

Practical Applications

The Fourier transform is a fundamental thing for the digital age. Without it, the modern world
would simply not function.

6.1

6.2

6.3

Audio Compression (MP3)

In early days of the internet, downloading a song took hours because raw audio files
recorded every tiny fluctuaton in the air pressure. The MP3 format changed this by
applying the Fourier transform to move audio into the frequency domain.

Digital Imaging (JPEG)

The Fourier transform works for the space-based signals too, like photographs. A digital
photo is a 2D signal where colors change over dstance. A smooth sky is a low frequency
signal, while sharp edge is high frequency. JPEG compression uses a 2D Fourier
transform to identify and simplify the high frequency details that human eye is not
sensitive to.

Wireless Communication

Every time you connect to Wi-Fi or send a text, you are utilizng frequency domain. The
air is saturated with electromagentic waves from routers, cell towers, and radios. They
don’t interfere because they are assigned to different frequecny bands. The Wi-Fi
rourter communicates at 2.4GHz different from others.

Conclusion

The Fourier transform is the ultimate tool for pattern recognition. It stands as the
foundaton of modern technology. The internet, globla telecommunication, space
exploration, and medical imaging all rely on our ability to translate reality between the
time domain and the frequency domain.

In a profound way, this mathmatics proves that complex and overwhelming phenomena
are not inherently incomperhensible. Wether it is the vibraton of a guitar string or the
light emiited by distant stars, everthing can be understood if we break it down into its
simplest parts.



