POURING INTO NOTHING WHAT WOULD HAPPEN IF YOU TRIED TO FILL A BOTTLE WITH NO
VOLUME

Pouring into nothing

Pouring water into a bottle is one of the simplest actions imaginable right? It's an everyday
thing, you wake up, pour yourself a glass of water or juice, or whatever is on the fridge. The
liquid goes in, the container fills, and the distinction between inside and outside is obviously
clear, you either spill the liquid over or you perfectly pour yourself a glass of something
right?

But what if this basic assumption failed? What if a bottle had no interior at all? In that case,
where would the liquid go? To explore this, we turn to one of the most counterintuitive
objects in mathematics the Klein bottle.

Shall we take a look at how the Klein bottle looks like
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Well it looks fascinating doesn’t, okay this is not what it actually looks like, well it is on
mathematical terms

Parametrization rea

The figure 8 immersion |[edit]

To make the "figure 8" or *bagel’ immersion of the Klein bottle, one can
start with a Mabius strip and curl it to bring the edge to the midline;
since there is only one edge, it will meet itself there, passing through the
midline. It has a particularly simple parametrization as a "figure-8" torus
with a half-twist:*]
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The "figure 8' immersion of the
Klein bottle.
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In this immersion, the self-intersection circle (where sin(v) is zero) is a

geometric circle in the xy plane. The positive constant r is the radius of
this circle. The parameter 8 gives the angle in the xy plane as well as the

rotation of the figure 8, and v specifies the position around the 8-shaped
cross section. With the above parametrization the cross section is a 2:1
Lissajous curve.
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Klein bagel cross section, showing

afigure eight curve (the lemniscate of 4-D non-in!ersecting Ledit]
Gerono).

A non-intersecting 4-D parametrization can be modeled after that of the
flat torus:

These are parametric equations describing a surface in 3D, the Klein bottle can be described
using parametric equations, where two variables, typically denoted by 6 and v, determine
the position of each point on the surface. The parameter 0 represents movement around
the main loop of the shape, while v controls the cross-sectional curve. Trigonometric



functions such as sine and cosine are used to generate smooth circular motion, while the
terms involving 8/2 introduce a twist in the surface, giving sense to its non-orientable
structure. Additional terms, such as sin(2v), distort the cross-section into a figure-eight
shape, (hence why this is called the figure 8 immersion) producing the so familiar self-
intersecting representation seen in three dimensions this self-intersection is not a true
feature of the surface, but a limitation of representing it within three-dimensional space

Well now let’s actually see what the Klein bottle looks like

The Shape

With No
Volume

Fascinating

The Klein bottle, a surface studied in topology, defies this basic intuition. Unlike ordinary
objects, it has no clear boundary separating interior from exterior. At first glance, describing
such objet as a bottle does not seem correct, if there is no interior, what exactly would it
mean to fill it? Would pouring liquid into a Klein bottle make it filled? Or would any law or
notion of containment cease to apply when it comes to Klein bottles

This essay investigates that question. By exploring the mathematical properties of the Klein
bottle, it will argue that the idea of containment is not as fundamental as it seems, but
instead depends on the structure of space and the limitations of our three-dimensional
perspective.

The Klein bottle is a well-known example of a non-orientable surface in topology,
constructed by identifying the edges of a square with a reversal. This construction produces
a surface with no consistent notion of side, and therefore no clear distinction between



interior and exterior regions. As a result, the Klein bottle does not enclose a volume in the
conventional sense, a point emphasised in both mathematical and visual treatments of the
subject.

So what is a bottle, Mathematically?

In everyday terms, a bottle is understood as a three-dimensional object that encloses a finite
volume of space, allowing it to contain liquids. Mathematically, this can be described as a
solid bounded by a surface that separates an interior region from the exterior environment.
This boundary defines a clear distinction between what is inside the object and what lies
outside it, ensuring that any substance poured into the bottle remains contained within a
defined region of space.

From intuition to topology

While everyday objects suggest a clear distinction between inside and outside, mathematics
does not always preserve this intuition. In topology, objects are studied based on properties
that remain unchanged under continuous deformation, rather than their rigid geometric
shape. As a result, surfaces can behave in ways that contradict our physical expectations.

A simple example of this is the Mdbius strip, which appears to have two sides but, when
followed continuously, reveals only one an inconvenient discovery for anyone hoping to
paint each side a different colour. This challenges the assumption that surfaces must
separate space into distinct interior and exterior regions. If such a basic property can fail in a
simple construction, it raises the possibility that more complex surfaces may completely
dissolve the distinction between inside and outside altogether.

The Mathematics behind the Klein bottle

The Klein bottle is not weird by accident. It comes from a very specific topological
construction, take a square and identify opposite edges, but not in the same way you would
for a torus. It is described as a surface made by gluing both pairs of opposite edges of a
rectangle, with one pair given a half-twist, it also notes that the Klein bottle is a closed non-
orientable surface with no inside or outside.

A clean way to write that construction is:
(x,0)~(x,1)
(0,y)~(1,1-y), 0 smaller than or equal to x,y smaller than or equal to 1

A more fundamental way to construct the Klein bottle is through identification. Consider a
square where each point is labelled by coordinates (x, y), with 0 < x, y < 1. The top and
bottom edges are identified in the same direction, meaning (x, 0) is identified with (x, 1).
However, the left and right edges are identified with a twist (0, y) is identified with (1, 1 - ).
This reversal is crucial. It prevents the surface from having a consistent orientation, meaning



that as one travels around it, inside and outside become indistinguishable. This is the
mathematical origin of the Klein bottle’s paradoxical behaviour.

That reversal is the key it is exactly what destroys a consistent notion of side across the
whole surface.

Why it cannot contain anything

So the paradox of the Klein bottle comes directly from its construction. Starting with the
square we can identify opposite edges by the rules (x,0) ~ (x,1) and (0,y) ~ (1,1-y). The first
gluing joins one pair of edges normally, while the second introduces the reversal. This
reversal makes the resulting surface non-orientable so what does that mean you may
wonder, non-orientable means if you can travel along a loop and return to your starting
point having your orientation flipped or reflected therefore there is no consistent way to
distinguish one side from the other across the whole object. As a result, the Klein bottle is
not a solid container that can enclose something, but a continuous surface in which the
distinction of inside and outside breaks down. The self-intersecting model seen in three
dimension is therefore not the true surface, but only a visual compromise forced by the
limits of 3D space

Why this matters

For an ordinary orientable surface, you can consistently choose a normal direction at every
point, so one side and the other side remain defined as you move around it. For the Klein
bottle, you cannot do that. It is a two-dimensional object meaning it’s a surface on which
one cannot define a consistent normal direction continuously over the whole shape. Also
described as a non-orientable surface with no inside and no outside

That is why this paradox exists in the first place. You are trying to apply the everyday idea of
a container to an object that is only a surface, not a solid region that has volume. A normal
bottle works because its boundary separates space into an interior and an exterior. The Klein
bottle does not do this, so filling it is not just difficult, mathematically the idea itself starts to
break

So a good way to understand this breakdown is to imagine an ant walking along the surface.
On an ordinary object, the ant could be able to tell between the inside and outside by
crossing an edge or boundary, However on a non-orientable surface such as our beloved
Klein bottle, or such as those studied in topology, an ant could walk continuously and return
to its starting point having effectively explored what we would normally considered both
sides without ever crossing an edge.

Not even the ocean can fill it

A bottle where not even the whole ocean would be able to fill even if one were to attempt
to pour not just a simple glass of water, but the entire ocean into a Klein bottle, the result
would remain the same, there would still be no defined place for the liquid to reside so



basically not even the whole ocean would be able to fill this bottle up. The limitation is not
one of capacity but of definition because without an interior region, increasing the amount
of liquid (pouring the whole of the ocean into the bottle) does absolutely nothing to resolve
this issue, as the concept of filling itself is not applicable.

A fourth dimension?

As well said on the blog Understanding the fundamentals of the fourth dimension written
by Naresh Shrestha “The concept of the fourth dimension is a fascinating and complex
subject that has intrigued mathematicians, scientists, and philosophers for centuries, while
we live in a three-dimensional world, the idea of a fourth dimension opens up new ways of
understanding space, time, and reality itself” and maybe also understanding the Klein bottle
for once and for all

The apparent self-intersection of the Klein bottle in three-dimensional space is not a feature
of the surface, but a consequence of representing it within limited dimensions in other
worlds this bottle cannot be fitted in our 3d world. In four-dimensional space, the surface
can be embedded without any intersection, forming a smooth and continuous structure (|
would obviously insert an image of what it would actually look like in a 4" dimension but
again us humans only have our 3d world a little bit boring but oh well)

This highlights an important distinction the unusual properties of the Klein bottle do not
arise from any type of flaw in its construction whatsoever, but from the constraints of the
space in which we attempt to visualise it (our 3d world) but don’t be fooled | know your
probably thinking that if we were ever to be capable of getting on the 4" dimension then
this bottle would have a volume but that is not true even in a fourth dimension, the Klein
bottle does not enclose a volume. The absence of an interior is not caused by the self-
intersection seen in three-dimensional models, but by the surface’s non-orientable
structure. As a result, increasing the dimensions resolves the visual paradox, but does not
restore the concept of containment or the concept of filling as we know it

Conclusion

So, what would actually happen if you tried to pour the whole ocean water into a bottle with
no volume?

At first, it seems like a trick question. As we know already a bottle is supposed to hold
something right? Juice, water whatever you want to drink, that is its entire purpose. Yet the
Klein bottle challenges this idea completely. It has no clear inside or outside, no boundaries.
In this way, pouring water into it becomes a tedious quite difficult but meaningless task. You
are not filling a container, you are simply moving liquid along a continuous surface that
never actually encloses anything.



Even if you had access to the entire ocean, you still would not be able to fill the Klein bottle.
Not because it is too large, but because there is nothing to fill in the first place. The concept
of volume itself breaks down. Meanwhile, an ant could walk along its surface forever

unaware that it has just explored something that cannot properly exist in our three-
dimensional world.

This breakdown can be visualised by imagining the ant walking along the surface. On an
ordinary object, the ant could distinguish between the inside and outside by crossing a
boundary. However, on a Klein bottle, the ant could travel continuously and return to its
starting point having effectively explored both sides without ever crossing an edge. From the
ant’s perspective, there is no meaningful distinction between interior and exterior only a
single continuous surface.

This shows us something deeper than just this complex object. The Klein bottle exposes the
limitations of human intuition. We are used to thinking in terms of containers, boundaries,
and interiors, but topology shows us that these ideas are not always fundamental they are
assumptions shaped by the physical world we live in.

Ultimately, pouring into nothing is not just a paradox it is a reminder. Mathematics does not
always describe reality as we expect it but it does expand it. And sometimes the most
interesting object are the ones that cannot exist in the way we imagine, yet still make
perfect sense within the language of mathematics
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