The Queue Paradox: Why Waiting Is Never Simple

There is a café on my way to school that I pass most mornings. Some days the queue stretches
out of the door round the block. Other days there is no queue at all, and I venture in but only to
feel I waited longer to be served than I would have if I had joined a line outside. I have spent an
embarrassing amount of time standing across the street, watching people join and some leave,
trying to figure out what the queue is actually telling me.

At first glance, a queue appears to be simply an optimization problem and bad for business. It
appears everywhere. From the café to the airport. From the movies to the stadium. And the
problem is almost always the same. Too many people waiting to be served, not enough
employees to provide the service: people wait. Add another service attendant, it will reduce the
wait. It all seemed quite simple to me.

That simplicity convinced me that my framing itself was almost entirely wrong. The more I dug
in, the more I realized that queues are not a problem needing to be solved but a phenomenon
waiting to be understood. And the mathematics that describes them is, frankly, startling.

Let’s begin with what seems like a simple question: how often do customers arrive? My instinct,
watching the café, was to count heads. On most days, between 8 and 9 each morning, maybe
forty people. Divide by sixty minutes: roughly one every ninety seconds. Predictable enough.

But this is where queueing theory, developed almost entirely by one Danish telecoms engineer
named Agner Krarup Erlang in 1909, begins to complicate things. Arrivals at a queue are almost
never uniform. They follow what is called a Poisson process: if the average rate is A (lambda)

customers per minute, the probability of exactly k arrivals in a one-minute window is given by:
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This formula needs careful inspection. The numerator A grows with the rate: more arrivals mean
higher probability of seeing k of them. The factor e ~* is the probability of zero arrivals in the
same window, and it acts as a normalizing anchor. And ! (k factorial) in the denominator
accounts for the fact that the order in which arrivals occur within the minute does not matter,
only the count does.

A worked example: the Poisson surprise

Suppose a café receives an average of A = 3 customers per minute during the morning rush hours.
We can now compute the full probability distribution of what actually happens in any given
minute:
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That first probability number is the one that stumps most people. Even though the average is
three arrivals per minute, there is a 5% chance of no one arriving at all, and a more than 8%
chance of six or more. The system is never as steady as it may appear at any time. The barista
might have three calm minutes in a row, followed by a sudden cluster of eight customers: not
because anything has changed, but because that is simply what randomness looks like.

This clustering property, technically called overdispersion relative to a uniform rate, is the root
cause of all queues. If customers arrived at perfectly regular 20-second intervals, a single barista
capable of serving one customer every 20 seconds, there would be no queue ever. It is the
variance of the Poisson distribution (which incidentally equals A, the mean) that causes
unpredictable bursts, and these bursts cause backlogs.

Queues form not because demand is high, but because it is random.

The fundamental equation: M/M/1

In queueing theory, using Kendall’s notation, an M/M/1 is the most basic mathematical model to
describe a queue, where (i) customers arrive independently and randomly in a Poisson process
(M stand for Markovian or Memoryless arrivals), (ii) the time it takes to serve a customer
follows an exponential distribution (M stands for Markovian service), and (iii) there is exactly
one server (be it a barista, or a CPU processor) handling the queue.

Now suppose the barista takes an exponentially distributed service time with average % minutes

per customer. We shall define the traffic intensity, p, as:

P =L

This dimensionless quantity, the ratio of arrival rate to service rate, is the single most important
number in queueing theory.

When p < 1, the server is faster than customers arrive on average, and the system is stable.
When p > 1, the queue grows without bound. This is the M/M/1 queue.

The average number of customers, L, in the system is given by:
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Next we shall consider the numerical consequences of this relationship:

p=0.50 —» L=1.0
p=0.80 — L=4.0
p=0.90 — L=9.0
p=0.95 — L=19.0
p=0.99 — L=99.0

This function is hyperbolic: as p — 1, L — oo.

A server running at 90% utilization generates on average nine times the queue of one running at
50% and is the mathematical reason why queues feel suddenly catastrophic rather than gradually
worse. There is no linear relationship between busyness and waiting.

Queue length explodes as utilisation approaches 1
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Figure 1: Average queue length L as a function of utilization for the M/M/1 queue.

By Little’s Law (proved rigorously by John Little in 1961), L = AW, where W is the average time
in the system, which gives:
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That final form is elegant: expected waiting time is simply the reciprocal of spare service
capacity.

When A =y, spare capacity is zero and waiting time is infinite.

Beyond one barista: the M/M/c queue

The natural response to a long queue is to hire a second server. Suppose the café hires a second
barista, giving ¢ = 2 servers, each with the same rate p. The stability condition then becomes:

2
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where p is the traffic intensity per server as opposed to the global p defined earlier.

For the M/M/c queue, the probability an arriving customer must wait (all servers busy) is given
by the Erlang C formula:
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where P(0) is the probability the system is empty, computed from:
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This is what telecom engineers use to dimension call centers, this math drives every “your call is
important to us” message. The average queue length is then given by:
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What makes this remarkable is how non-linear the gain from adding servers is.

At p=0.9 with ¢ = 1, we computed L = 9. With ¢ = 2 servers (same traffic, p = 0.45 per server),
the average queue length falls to approximately 1: a reduction of nearly 9-fold for the cost of
doubling staff.

Intuitively one would think that adding a second server would simply halve the queue; in reality,
the second server dismantles the queue by shifting p to a region where the hyperbola is still
nearly flat.
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Figure 2: Average number of customers in the system (L) as traffic intensity p increases, for one server
(M/M/1, purple) and two servers (M/M/2, green) handling identical total traffic.

When should one join the queue?

Back to my café, standing across the street. The question that really intrigued me was not “how
long is the queue?” but “at what length does it become rational for a new customer to just walk
away?”

Under the M/M/1 steady-state distribution, the probability of finding exactly n customers in the
system when you arrive is:

P(N=n) = (1-p)-p
This is a geometric distribution. Each additional customer in front of you adds an expected wait
of = minutes.
n

But observing a long queue is also a signal that p is high, which means the queue is likely to
grow after you join, not shrink.

A queue of length 7 is therefore a twice-bad signal: a long wait now, and a signal that p is high,
making it likely the system will not clear quickly. This also resolves my original predicament:
arriving to find no queue does not mean faster service. In a high-p system, the server is likely
already occupied with a customer who may have just begun a lengthy service episode. Because
service times are memoryless, I would have no idea about how long the current customer has



The Queue Paradox: Why Waiting Is Never Simple

already taken, and my expected wait is still W = ﬁ , regardless of how empty the queue looks

when I walk in.

Do businesses actually want to solve this?

One morning I witnessed a different queue: not at the café, but for a new restaurant in town that
was deliberately admitting groups slowly, leaving a long visible line outside. It struck me that
this queue was not an accident. It was designed. It was strategic.

Groucho Marx once remarked that he would never join a club that would have him as a member.
His joke lands because exclusivity is itself the signal: a club too eager to admit you can never be
worth joining. Restaurants have understood that a queue is a signal. A restaurant with no queue
signals either low demand or readily available seats, neither of which are necessarily desirable. A
moderate, moving queue signals popularity and manageable wait times.

And every signal is marketing. Game theory would model this as a signaling equilibrium where
businesses set service rates not to eliminate queues but to sustain them at the psychologically
optimal length. Efficiency, in this framing, would be self-defeating to the business itself. After
all, everyone wants to eat at the place where everyone else wants to eat!

The deeper strangeness

What I find most fascinating about queues is that they connect to probability in a way that often
feels counterintuitive. The Poisson distribution governs arrivals, the exponential distribution
describes service times, and the geometric steady-state distribution, all fall out of the
mathematics of memoryless random processes: the fact that the time until the next customer
arrives is independent of how long you have already been waiting.

This memorylessness is why queues are so hard to understand. We expect the world to be self-
correcting: that a long gap in arrivals will be followed by a rush, that a long service will be
followed by a quick one. It simply will not. Each moment is statistically fresh. The queue does
not remember, and neither should we.

I still stop across from the café most mornings. The mathematics has not made me faster at
deciding whether to join the queue or not, but it has definitely changed what I look at now.

I see not a line of people but a probability distribution in motion, the Erlang C formula made
visible, a signal about system state, and a deliberate artefact of business strategy, all at once.

It turns out every queue tells its own story if only one cares to watch.

Because a queue is never just a queue.
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