The Cosmic Duplication: How to Rebuild the Sun from
a Pea

Imagine | handed you a solid golden sphere—perhaps a small orange
or a marble. Now, imagine | gave you a mathematical "scalpel" so
infinitely sharp that it could slice between the very points of space
itself. With a few precise cuts, | tell you to break that sphere into five
distinct pieces. You move these pieces around—rotating them,
shifting them—and suddenly, you aren't holding one sphere
anymore. You are holding two. And these two spheres are not half-
sized; they are solid, identical in every way to the original, with the
same density and the exact same volume.

In the world of physics, this is a felony against the Law of
Conservation of Mass. In the world of common sense, it is a magic
trick. But in the world of pure mathematics, specifically within the
realm of set theory, this is the Banach-Tarski Paradox.

Proved in 1924 by Stefan Banach and Alfred Tarski, this theorem
remains one of the most unsettling results in all of human logic. It
suggests that a pea can be chopped up and reassembled into the
Sun. To understand how such a "miracle" is possible, we have to
journey into the strange landscape where infinity meets the Axiom of
Choice, and where our very definition of "size" begins to dissolve.

The Knife of Infinity

To grasp the paradox, we must first understand the nature of the
"pieces" we are cutting. When we think of a "piece" of an object, we
usually imagine a chunk—a slice of bread, a wedge of cheese. These



are what mathematicians call "measurable sets." They have a defined
volume that we can calculate using standard geometry.

However, the Banach-Tarski Paradox doesn't use standard chunks. It
uses non-measurable sets.

Think of a solid sphere not as a clump of matter, but as an infinite
collection of individual mathematical points. If you tried to
"measure" the volume of a single point, the answer is zero. If you
have a finite number of points, the volume is still zero. But a sphere
contains an uncountable infinity of points. The magic of Banach-
Tarski lies in selecting these points so selectively and jaggedly that
the resulting "pieces" become a cloud of dust so complex they
actually lack a defined volume. They are "non-measurable" because
they are too "scattered" for the concept of size to even apply to
them.

The Tool: The Axiom of Choice

How do we even pick these points? This is where we meet the most
controversial tool in mathematics: The Axiom of Choice (AC).

The Axiom of Choice basically says that if you have a collection of
bins (even an infinite number of bins), you can pick exactly one item
from each bin to create a new set. It sounds obvious, but when
applied to infinite sets, it allows us to "choose" points in ways that
defy physical intuition.

Without the Axiom of Choice, the Banach-Tarski Paradox cannot be
proved. This is why the paradox is often used as a weapon by
mathematical skeptics. They argue that if a set of rules (the Zermelo-
Fraenkel set theory with Choice, or ZFC) leads to the conclusion that
you can double the amount of gold in the world just by moving it



around, then the rules must be broken. Yet, ZFC is the bedrock of
modern mathematics. To throw away Choice is to throw away much
of our understanding of the infinite.

The Engine: The Free Group of Rotations

The "how" of the reassembly involves a beautiful concept called
the Free Group. Imagine you are standing at the center of a sphere
and you can perform two actions: rotate the sphere by a specific
angle around the X-axis (let's call this rotation 'A') and rotate it
around the Y-axis (rotation 'B').

If these rotations are "independent" (meaning no sequence of A and
B rotations ever brings you back to the start unless you exactly undo
what you did), you create a "Free Group."

Banach and Tarski realized they could categorize every point on the
surface of the sphere based on which sequence of rotations "owns"
that point. They divided the points into four piles: those whose last
rotation was A, those whose last was A-inverse, those whose last was
B, and those whose last was B-inverse.

Here is the "glitch" in the matrix: by taking the "A" pile and rotating it
just one more time, you can actually swallow up the other piles.
Because we are dealing with infinity, a part can be equal to the
whole. It is the mathematical version of Hilbert’s Hotel, the famous
infinite hotel where even if every room is full, you can always make
room for a new guest by moving everyone up one room. In Banach-
Tarski, we aren't just making room for one guest; we are making
room for an entire second hotel.

The Disconnect: Math vs. Physics



At this point, you might be wondering: "If this is a proven theorem,
why aren't we using it to solve the resource crisis?"

The answer lies in the difference between a mathematical point and
a physical atom. Mathematics assumes space is continuous—that
between any two points, there are infinitely many more. Physics, as
far as we know, is discrete. Atoms have a specific size. You cannot cut
an atom into the "non-measurable" clouds required by Banach and
Tarski.

The paradox is a profound reminder that mathematics is not just a
"description" of our world; it is a separate universe with its own laws.
In our world, 1 + 1 = 2. In the world of Banach-Tarski, 1 can equal 1 +
1.

The Philosophical Fallout

So, is the Banach-Tarski Paradox a "true" paradox? In mathematics, a
"paradox" isn't necessarily a contradiction; it’s just a result that is so
counter-intuitive it feels like it should be wrong.

It forces us to confront the fact that our human intuition about "size"
and "volume" is based entirely on our experience with finite, physical
objects. We evolved to understand how to share an apple, not how
to partition an infinite set of points in 3D space.

When we look at the Banach-Tarski result, we are peering behind the
curtain of reality. We are seeing that "volume" is not an inherent
property of every collection of points. It is a human-made construct
that we apply to shapes that are "well-behaved." The paradox shows
us that most of the ways you could theoretically cut up a sphere



result in pieces that are "un-behave-able"—shapes that are so wild
and complex that the very idea of "how much space they take up"
ceases to exist.

Conclusion: The Beauty of the Impossible

The Tom Rocks Maths competition celebrates the "Aha!" moments
that change how we see the world. The Banach-Tarski Paradox
provides one of the greatest "Aha!" moments in history, though it
feels more like a "Wait, what?" moment.

It teaches us that infinity is not just "a very large number." It is a
different category of existence where the rules of addition and
subtraction break down. It proves that with the right axioms and a bit
of "Choice," you can take the smallest pea in the universe and find
within its infinite points enough material to build a thousand suns.

We may never be able to duplicate oranges in our kitchens, but we
can duplicate them in our minds. And perhaps that is the true power
of mathematics: it allows us to hold two spheres in our hands when
the rest of the world only sees one.
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