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1. The Infinite in a Finite Box

The human heart seems simple at first, but it actually solves a very difficult problem. A useful
way to understand this is through something called the “Coastline Paradox”. This idea shows
that the length of a coastline changes depending on how you measure it. If you use a big ruler,
the coastline looks shorter. If you use a smaller ruler, you notice more details, so the coastline
becomes longer.

This idea can be described mathematically

L=Fk-e' P

This means the measured length (L) depends on the ruler size (\epsilon) and the fractal
dimension (D). As the ruler gets smaller, the length increases, showing how complex the
structure really is. The heart works in a similar way. It is only about the size of a fist, but it must
send blood to every single cell in the body. There are trillions of cells, so this seems impossible.
A simple shape like a sphere or cube would not be able to reach every cell without taking up too
much space.

In normal shapes, surface area and volume follow simple rules:
Axr? Vxr?

This shows that volume increases faster than surface area, which makes it difficult to maximise
contact using simple shapes. This is where fractals come in. A fractal is a shape that has lots of
detail at every level. No matter how much you zoom in, you keep seeing more patterns. Fractals
can have a very large surface area while still fitting into a small space.



The heart’s blood vessels follow this idea. Large arteries split into smaller ones, and these split
again into even smaller capillaries. This creates a huge network that can reach almost every cell
without needing a large volume. So, the heart solves its problem by using a fractal-like
structure. It shows that being complex is actually what makes it efficient.

2. The “Self-Similarity” Rule

The heart is not designed like a building. Instead, it grows more like a tree. This means it follows
simple rules that repeat again and again. One important idea here is self-similarity. This means
that small parts of something look like the whole thing. For example, a big blood vessel splits
into smaller ones, and those smaller ones split again in a similar pattern.

This repeating process can be described mathematically:
Fny1 = k *Tn

This shows that each new branch is a scaled-down version of the previous one. By repeating this
rule many times, a complex network is formed. This can be explained using something called L-
Systems. These are simple rules used to create complex shapes. For example: “Take one tube,
split it into two, make them slightly smaller, and repeat.” When this rule is repeated many times,
it creates a detailed branching structure.

This idea is also seen in the heart’s electrical system, especially the His-Purkinje system. This
system sends electrical signals through the heart so it can beat properly. The branches of this
system make sure the signal reaches different parts of the heart at almost the same time. If the
signal did not travel evenly, the heart would not beat correctly. This could lead to problems like
irregular heart rhythms. So, the heart depends on simple repeating patterns to work properly.
These patterns help it grow and function in a very organised way.



3. Measuring Health with a Grid

Scientists can measure how complex the heart’s structure is using a method called the Box-
counting dimension. This technique involves placing a grid over an image of the heart’s blood
vessels and counting how many boxes contain part of the structure. The process is then
repeated using smaller and smaller box sizes, allowing the level of detail in the system to be
analysed at different scales.

This method is used to calculate the Fractal dimension, which measures how complex or space-
filling a structure is. It is defined by the relationship
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where N(€) is the number of boxes that contain part of the structure. A higher value of D
indicates a more complex and highly branched system.

This relationship can be visualised using a log—log graph of N(e) against 1/e. For fractal-like
structures, the data forms a straight line, showing scale-invariant behaviour, and the gradient of
this line gives an estimate of the fractal dimension.
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In Figure 1, both the healthy (green) and diseased (red) cardiovascular systems produce
approximately straight lines, suggesting fractal-like organisation. However, there is a clear
difference in their gradients. The healthy heart has a steeper slope, with a fractal dimension of
approximately D=1.8, while the diseased heart has a lower slope, with D=1.2. This indicates
that the healthy cardiovascular system is more complex and contains a greater degree of
branching.

This difference is important because a more complex network allows blood to reach more areas
efficiently. In contrast, the reduced fractal dimension in the diseased heart suggests a loss of
structural complexity and fewer effective pathways for blood flow. As a result, the system
becomes less adaptable to changes such as exercise or stress. Overall, the graph provides
guantitative evidence that cardiovascular health is closely linked to fractal dimension. A healthy
heart maintains a high level of organised complexity, while heart disease can be understood as a
measurable reduction in this complexity, showing that cardiac function is not only a biological
process but also a mathematical one.




Figure 2 shows the branching structure of the heart’s blood vessels, clearly demonstrating
fractal patterns within the cardiovascular system. The repeated splitting of vessels into smaller
branches increases the overall complexity, resulting in a higher fractal dimension and allowing
blood to reach a large surface area within a limited volume. This organised complexity is not
random; it plays a key role in ensuring that the system functions effectively. The arrangement of
vessels also reflects an underlying optimisation, where their sizes and branching patterns help
reduce resistance and maintain efficient blood flow. This suggests that the structure of the heart
is not only complex but also carefully adapted to minimise energy use, linking fractal geometry
directly to the principles of efficient circulation.

4. Energy Efficiency (Murray’s Law)

The way blood vessels branch is not random. It follows rules that help save energy. One of these
rules is called Murray’s Law.

The relationship between a parent vessel and its branches is given by:
3 _ .3 3
ro =T] + 75

This means the radius of the main vessel is related to the radii of its branches in a way that
minimises energy use. The heart has to balance two things. If a blood vessel is too wide, it holds
a lot of blood, which takes more energy to move. If it is too narrow, it becomes harder to push
blood through because of resistance.

Blood flow itself can also be described mathematically:

ari AP

Q= 8nL

This equation shows that flow depends strongly on the radius of the vessel. Even a small change
in radius can greatly affect how easily blood moves.



Another important idea is Kleiber’s Law, also known as the 3/4 scaling law:
B3/

This shows that metabolic rate increases with body mass, but not in a simple linear way.
Animals of different sizes still follow the same basic rules. This suggests that the same fractal
patterns are used in all living things. It shows how powerful and important these mathematical
patterns are.

5. The Future

Understanding fractals in the heart can help scientists in the future. One exciting area is 3D
printing artificial hearts. Scientists cannot just print a simple shape. The heart needs a complex
network of blood vessels to work properly. Without this, cells would not get enough oxygen and
nutrients.

By using fractal patterns, scientists can design better artificial organs. These designs can copy
the natural structure of the heart more closely.

In the future, this could help save lives by creating working replacement organs.

Overall, this shows that maths is not just something learned in school. It plays a key role in how
our bodies work. The heart depends on these patterns to survive, proving that maths is deeply
connected to life itself.
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