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1. A Peculiarly Named Theorem

Picture a tennis ball that’s completely covered in hair. You take a comb, ready to flatten
every single strand — no bumps, nothing sticking up. You work from the top, the sides,
even trying some cool spirals. But still, there’s always that one stubborn spot that just
won’t play nice: it either sticks straight up or twists into a messy tangle you can’t escape.
This is not a failure of patience. It is mathematics.

Hairy Ball Theorem (Poincaré, 1885; Brouwer, 1912). Every continuous tangent
vector field on the 2-sphere S2 has at least one zero: a point p where v(p) = 0.

This theorem connects three ideas: tangent vector fields, the index of a zero, and the Euler
characteristic. The key takeaway is that the Euler characteristic of a sphere is 2, but if
you could have a comb-able field, it would have to equal 0. Since 2 ̸= 0, it means such a
field can’t exist. So, there’s always at least one spot on Earth where the wind speed is
exactly zero.

2. Tangent Vector Fields: The Combing Condition

A vector field is basically a way to attach a vector—something that has both a size and
a direction—to every point in a given space. Take a weather map as an example: you
can see arrows at each location indicating both the direction and speed of the wind. In
mathematical terms, we express this as a function v : S2 → R3.

Now, when dealing with a sphere, there’s a key geometric rule to keep in mind. At any
point p,v(p) has to be tangent to the sphere—it should lie flat against its surface and
never poke through. In algebraic terms, this means it needs to be perpendicular to the
radius that points outward.

v(p) · p = 0 for all p ∈ S2.
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Figure 1. The tangent constraint on S2. At every point p, the vector v(p) must lie perpendicular
to the radius (blue, ✓). An outward-pointing vector (dashed, X) is not allowed.

We need the vector field extbfv to be continuous, meaning that points that are close
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together should get similar vectors without any sudden jumps. The combing question is:
can we pick vectors so that v(p) ̸= 0 is never zero anywhere on the sphere?

3. A Solid Effort: Heading North

Before proving we can’t comb the sphere, consider the field pointing “northward” ev-
erywhere — the direction of greatest increase of altitude z, projected onto the sphere’s
surface:

v(x, y, z) = (−xz, −yz, 1− z2).

This is a valid continuous tangent field. But where does it vanish? Setting v = 0 requires
1− z2 = 0, so z = ±1: precisely the north pole (0, 0, 1) and south pole (0, 0,−1).

zero: north pole

zero: south pole

arrows
point

“north”

Figure 2. The “northward” field on S2. The field is nonzero everywhere except the north and
south poles (red dots), where the vectors must vanish. This field has exactly two zeros, each
with index +1, giving total index = 2 = χ(S2).

Could we rearrange the field to avoid both poles — maybe push the two zeros together
so they cancel? The answer is no, because the sum of the indices of all zeros must equal
χ(S2) = 2, which is nonzero.

4. The Index

The index of an isolated zero measures how the vector field rotates around it.

Definition. Let v have an isolated zero at p. Draw a small circle C around p. Walk
anticlockwise around C once. The index ind(p) is the total number of anticlockwise
full rotations the vector v makes as you complete the loop. It is always an integer.
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Figure 3. Index measurement for a source (index +1) and a saddle (index −1).

Here are two important points to keep in mind. First off, the index is what we call a
topological invariant. This means you can change the vector field continuously without
altering the index of the zeros, as long as you don’t create or destroy any zeros in the
process. Secondly, when two zeros with opposite indices come together, they cancel each
other out. However, zeros with the same index can’t do that. This last detail is going to
be really important.

5. The Euler Characteristic

The Euler characteristic χ(M) of a surface is computed by dividing it into polygonal
faces and counting:

χ(M) = V − E + F,

where V , E, F are the numbers of vertices, edges, and faces. The crazy fact — proved by
Euler for polyhedra and extended by Poincaré to all surfaces — is that this number is the
same regardless of how you divide the surface. It is a topological invariant.

A

B C

D

Tetrahedron ∼= S2

V = 4, E = 6, F = 4

χ = 4− 6 + 4 = 2

Cube ∼= S2

V = 8, E = 12, F = 6

χ = 8− 12 + 6 = 2

Figure 4. Two different cell decompositions of S2 give the same Euler characteristic: always
χ(S2) = 2.
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For the torus (surface of a doughnut), one can show χ(torus) = 0. This single integer
difference — 2 for the sphere, 0 for the torus — is the entire reason why one can be combed
and the other cannot.

6. The Poincaré–Hopf Theorem: Topology + Vector Fields

We now have all the ingredients for the central result.

Poincaré–Hopf Theorem. Let M be a compact smooth surface and v a continuous
tangent vector field with finitely many isolated zeros at p1, . . . , pk. Then:

k∑
i=1

ind(pi) = χ(M).

The left side is all about how the field behaves locally around each zero, while the right
side focuses on the overall shape of the surface. They have to match up.

We can see this clearly: the ”northward” field from Section 3 has two zeros at the poles,
each with an index of +1 (the vectors spiral around both like they’re sources). The theorem
suggests:

ind(N) + ind(S) = 1 + 1 = 2 = χ(S2). ✓

Now for the main event. Suppose, for contradiction, that a continuous nowhere-zero
tangent vector field v on S2 exists. Since v has no zeros, the left-hand sum is empty:

k∑
i=1

ind(pi) = 0.

But Poincaré–Hopf demands this sum equal χ(S2) = 2. We have derived 0 = 2, a
contradiction. Therefore, no such v can exist. □

It’s important to note that we can’t just ’cancel’ out the two poles here. Annihilation
needs zeros with opposite indices, but both of these poles have an index of +1. For any
field on S2, the zeros must have indices that add up to 2. The tricky part is that there’s
no way to combine integers to reach 2 without including any terms.

7. The Torus Gets Away With It

The torus, with χ(torus) = 0, tells a different story. Think of it as a square sheet with
opposite edges glued. Define a vector field pointing uniformly to the right everywhere. The
field is perfectly continuous — when the edges are identified, the arrows match seamlessly
— and it has no zeros. The Poincaré–Hopf equation reads 0 = 0: satisfied trivially.
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Figure 5. The torus as a square with opposite edges identified. A uniform rightward vector
field (blue) has no zeros and satisfies Poincaré–Hopf trivially. The torus is combable; the sphere
is not.

8. There Is Always a Windless Point on Earth

The Earth is, to approximation, a sphere. The horizontal wind at any point on its surface
is a tangent vector: it has speed and direction, and it blows along the surface, not through
it. Assuming wind velocity varies continuously across the globe, we have a continuous
tangent vector field on S2, and the Hairy Ball Theorem applies directly.

At every moment in time, there exists at least one point on Earth where the horizontal
wind speed is exactly zero.

Not approximately zero. Not “very calm.” Exactly, mathematically zero.

zero (guaranteed)

cyclone

anticyclone

Topology forces at least one windless point — always.

Figure 6. Schematic of wind patterns on Earth. A cyclone (blue, anticlockwise) and an
anticyclone (green, clockwise) are shown. The Hairy Ball Theorem guarantees that somewhere on
the sphere the wind must be exactly zero — a topological certainty, not merely a meteorological
observation.

The serene centers of cyclones and hurricanes are probably the most obvious example of
this concept of forced zero. This idea also applies to ocean currents and the way Earth’s
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magnetic field interacts with its surface. Basically, whenever you have a steady directional
quantity that wraps around a sphere, it’s bound to disappear at some point.

There’s a nice overarching idea here: the Hairy Ball Theorem is true for all even-dimensional
, like S2n (since χ(S2n) = 2). However, it doesn’t hold for odd-dimensional spheres like
S2n+1 (because χ(S2n+1) = 0, allowing for a nonvanishing tangent field). Since Earth’s
surface is essentially a 2-sphere, we find ourselves in that tricky area where the theorem
doesn’t apply.

9. Conclusion

We started out trying to comb through a messy tennis ball, and somehow ended up with a
whole theorem about the atmosphere. Our path led us through things like tangent vector
fields, the integer index of a zero, and the Euler characteristic — which is this one number,
V − E + F , that captures the overall shape of any surface. The Poincaré–Hopf theorem
links all these ideas:

∑
ind(pi) = χ(M). When we apply it to a sphere (χ = 2), it tells us

that every vector field has to have at least one zero. So, the combing process has to hit a
snag.

What’s really impressive is the logic behind it all. No need for simulations or measurements
taken from thousands of spots — just a straight-up proof by contradiction (0 = 2) that
guarantees there’s a point on Earth right now where there’s no wind at all. Maybe it’s in
the center of a storm brewing out in the Pacific, but the wind speed is exactly zero. Not
nearly zero, but exactly zero, as demanded by the sphere’s Euler characteristic. That one
simple integer, figured out by counting the corners and edges of a tetrahedron, manages
to describe something as immense as our planet’s atmosphere. To me, that’s the subtle
strength of topology.
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