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Introduction

For centuries, birds have been admired for their dazzling colours. The Aztecs wove hummingbird
feathers into ceremonial cloaks, while in medieval European poetry, the kingfisher was said to

carry the colour of the sky in its plumage (Doucet and Meadows, [2009). For much of human

history, the origin of these colours was misunderstood. It was assumed that feathers, like flowers,
derive their colour from chemical pigments that absorb and reflect light.

Modern wave optics has revealed that many of
nature’s most vibrant colours contain no pig-
ment at all. Instead, they arise from structural
colour, generated by nanoscale structures that
cause the colour to shift with the viewing angle
(iridescence). Such structural colours often
create visual effects that defy intuition, includ-
ing shimmering gradients, metallic sheens, and

colour shifts (Prum et al., 2009; [Vigneron and
2012).

Iridescence exemplifies one of the most power-

Figure 1: A ruby-throated hummingbird display-
ing its iridescent plumage.
ful tools in mathematics: the Fourier transform.

Real-space intuition can be misleading here;

reciprocal (Fourier) space gives a clearer picture. In this essay, we explain how two-dimensional
Fourier transforms of nanostructured materials encode the angular dependence of scattered
colour, making iridescent plumage one of the most vivid examples of how patterns in nature

manifest as mathematical laws (Shawkey and Hill, 2006; Prum) 2006).

Structural Colour as a Scattering Problem

To appreciate why iridescence is mathematically interesting, one must first understand what it
is not. Most colour in the natural world is composed of chemical pigments that absorb certain
wavelengths and reflect the rest, producing colour that is independent of viewing angle
[1976). In species such as the peacock (Pavo cristatus), the Morpho butterfly, and the ruby-throated
hummingbird (Archilochus colubris), the most vivid regions of the plumage contain no coloured

pigment in the conventional sense (Zi et al., 2003 [Shawkey et al.,[2003)). Instead, these regions

are constructed from nanoscale structures whose physical dimensions are comparable to the
wavelength of visible light, approximately 400-700 nm 1972).

Structural colour occurs when incident light scatters from spatial variations in refractive
index whose characteristic length scale is comparable to the optical wavelength. Constructive
interference enhances some wavelengths while suppressing others, leading to visible colour



without chemical absorption. From a scattering perspective, the key quantity is the momentum
transfer between the incident wavevector K; and the scattered wavevector k; (Goodman), [2005)):

q=k; -k (D

What a 2D Fourier Transform Represents

Efficient scattering, and therefore a reflected colour, occurs when q matches a spatial frequency
present in the nanostructure. To determine which spatial frequencies are present, one considers
a two-dimensional slice of a nanostructured material, described by a refractive index contrast
on(r). The squared magnitude of its Fourier transform acts as a structure factor (Prum et al.,
2009):

S(k) = |F{on(r)} 2)

Each point k in Fourier space corresponds to a spatial periodicity with wavevector k. Bright
regions in S(k) indicate spatial frequencies that are strongly present in the material. The distance
from the origin encodes the dominant spacing scale, while angular position encodes directional
organisation. Hence, the Fourier transform is a map of allowed scattering processes.

Isotropic Short-Range Order and Fourier Rings

In many biological systems, such as the non-iridescent blue feathers of the kingfisher (Alcedo
atthis), the nanostructure exhibits short-range order but no long-range periodicity (Noh et al.,
2010). This means that while there is a preferred spacing between features, there is no preferred
direction (Prum et al., 2009)).

When analysed in Fourier space, this isotropic order produces a characteristic pattern: a bright
ring at a specific radius |k| = ko (Prum et al., 2009). This ring has nearly uniform intensity as a
function of angle. Physically, this indicates that the structure possesses a dominant length scale
that is represented equally in all directions. Because the structure factor S(k) is a circle, the
momentum transfer required for constructive interference is available across a wide range of
angles (Takeoka, 2012).

Why Fourier Rings Produce Non-Iridescent colour

For elastic scattering, the magnitude of the optical wavevector is fixed:
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The presence of a ring in Fourier space means that scattering vectors of magnitude kg exist
for many different directions simultaneously. As the viewing angle changes, the direction of
the momentum transfer vector ¢ changes; however, because of the ring’s circular symmetry, its



magnitude remains close to ko (Noh et al., 2010).

Consequently, the wavelength selected by constructive interference remains approximately
constant, and the observed colour does not shift strongly with angle. Hence, this results in
angle-independent structural colour that characterises many non-iridescent bird species (Shawkey
and Hill, 2006; Prum et al., [2009).

Periodic Order and Discrete Fourier Peaks

In contrast to the quasi-amorphous structures mentioned above, periodic structures like photonic
crystals (Pavo cristatus) possess long-range order (Zi et al., 2003)). The Fourier transform of
such a periodic lattice does not produce a uniform ring, but instead consists of discrete peaks at
specific reciprocal lattice vectors G (Z1 et al., 2003} |Doucet et al., [2006).

In these cases, scattering must obey the strict condition:
ki =k +G 4)

Only specific momentum transfers are allowed, and these depend sensitively on the exact
orientation of the incident light (Vigneron and Simonis, 2012). This discrete nature of the
structure factor S(k) is the fundamental mathematical driver behind the shimmering effect of
iridescence seen in species like the peacock (Vukusic and Sambles, |[2003; |Kinoshita and Yoshioka,
2003)).

Why Discrete Peaks Produce Iridescence

As the incident or viewing angle changes, the geometry of the scattering conditions also changes.
Unlike the isotropic ring, where a scattering vector is always available at the same magnitude ko,
discrete peaks require the system to "find" a new wavelength that satisfies the scattering condition
as the angle rotates (Z1 et al., 2003)).

As the angle shifts, different reciprocal lattice vectors G satisfy the scattering condition, which
selects different wavelengths for constructive interference (Doucet et al., |2006)). This strong
angular dependence of the scattered wavelength creates the visible colour shifts known as
iridescence. This is the mathematics that governs the displays of peacock feathers, opal
gemstones, and diffraction gratings (Sanders, 1968} |Darragh et al., 1966).

The Ewald Construction

The Ewald construction provides a visual and precise proof of these scattering laws (Cullity and
Stockl, 2001)). Efficient scattering occurs only where the Ewald circle, representing the allowed
wavevectors for a given wavelength, intersects the structure factor S(g).
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Figure 1: Scattering occurs where an Ewald circle intersects the structure factor S(g). A ring gives the same |g| at any
angle; discrete peaks require different A as angle changes.

Radial Versus Angular Information

To fully characterise a nanostructured material, one must distinguish between two types of
information in Fourier space (Prum et al.,|2009). The radial position in Fourier space determines
the dominant wavelength and, therefore, the core colour of the structure (Shawkey et al., 2003)).
The angular structure determines whether the colour is angle-dependent (Prum et al., 2009).

Both isotropic and periodic systems may show a strong radial peak, and thus a well-defined colour.
However, only periodic systems exhibit the strong angular structure that leads to iridescence
(Noh et al., 2010).

Conclusion

Iridescence depends not on the presence of a characteristic length scale, but on the directional
organisation of that scale (Prum et al., 2009; Noh et al., 2010). Fourier rings correspond to
isotropic short-range order and produce non-iridescent structural colour, whereas discrete Fourier
peaks correspond to long-range periodic order and produce iridescence.

The study of iridescence reveals that the beauty of the natural world is underpinned by mathematical
principles. By applying the 2D Fourier transform to biological nanostructures, we move beyond
a descriptive understanding of color toward a predictive one. Whether it be the isotropic ring of a
kingfisher or the discrete peaks of a peacock, these patterns prove that nature has been computing
Fourier transforms for millions of years, optimizing the physics of light to survive and thrive.
Hence, nature’s most dazzling moments are, in essence, physical instances of mathematical laws
(Hecht, 2017; \Goodman, 2005)).
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